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Abstract 
Numerically modelling the crushing of composite structures is important in crash- 
worthiness. In this work, advanced material models are formulated and implemented 
into an explicit finite element code to model delamination and ply failure. 
A new interface element with mixed mode capabilities is formulated and im- 
plemented to model delamination. A 3D ply material model is formulated and is 
also implemented into the same code. The material model distinguishes matrix 
and fibre tensile and compressive failure, and includes nonlinear behaviour in shear. 
Matrix compressive failure is addressed with a phenomenological approach based 
on the Mohr-Coulomb failure criterion. For the fibre failure in compression, a 3D 
criterion that considers an initial fibre misalignment angle prompting compressive 
failure is used. Failure in tensile of the matrix is modelled with a simpler stress 
interaction criterion, and no stress interaction is considered for fibre tensile failure. 
On the post failure onset behaviour, the failure process is smeared over the finite 
element dimension. This allows for constant energy absorption, regardless of mesh 
refinement. 
Experimental tests were carried to measure the energy release rate associated 
with intralaminar fracture, fibre tensile failure and fibre kinking, as these are mate- 
rial properties required by the numerical model. 
Finally, the validation and applications of the interface element and ply failure 
model are presented. Analytical and experimental data are shown to be in good 
agreement with the numerical predictions. 
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Notation 
Lower case Roman letters 
a ................................................................... 
fibre direction 
a ..................................................................... crack 
length 
a ........................................... 
dimension of an elliptic region along x 
a.... length of the initial pre-crack (four point bend, compact tension and compact 
compression tests) 
ao .............................................................. initiacrack length 
ao....................................................... half length of a slit crack 
a0. initial length of the pre-crack (compact tension and compact compression tests) 
aL ............................. dimension of the crack in the longitudinal 
direction 
a. ................................. fibre direction in the fibre misalignment 
frame 
b ..................................................... in-plane transverse 
direction 
b ........................................... 
dimension of an elliptic region along y 
b .......... 
length of the tabs in a specimen (compression, tension and shear tests) 
b ...................................................... specimen width (D CB test) 
b, a1 ................................... width of a calibration specimen (MMB test) 
bm ............................ transverse direction in the fibre misalignment frame 
bt ............................................................ fictitious body force 
b" axis defining the orientation of the fibre-kinking plane, as shown in Fig. 3.15(b) 
C .................................................. through-the-thickness direction 
C ........................................... dimension of an elliptic region along z 
c .... distance between a loading point and a support point in an intralaminar test 
(Fig. 5.2) 
xx 
NOTATION xxi 
ct .... coefficients, i=0,1,2,3h thickness of a 
four point bend specimen (four point 
bend, compact tension and compact compression tests) 
c' axis defining the orientation of the fibre-kinking plane, as shown in Fig. 3.15(b) 
d ................................................................. damage variable 
d ....................... distance 
between the two load points in a 4ENF specimen 
d (t) .................................................... damage variable at time t 
d(T) ................................................... damage variable at time 7- 
d inst ........... instantaneous value of a damage variable 
dznst (t') ....................... instantaneous value of a 
damage variable at time t' 
dlnst(T') ............................................... damage variable at time T' 
d= ........................ 
damage variable for the i failure mode, i= mat, kink, ft 
f ............................................... 
failure index (failure when f= 1) 
ff .................... 
failure index for the fibre failure mode (failure when ff = 1) 
ff t ............ failure index 
for the fibre tensile failure mode (failure when f ft = 1) 
fkink ....... 
failure index for the fibre-kinking failure mode (failure when fkink = 1) 
fmat .............. 
failure index for the matrix failure mode (failure when fmat = 1) 
fmc... failure index for the matrix compression failure mode (failure when fmc = 1) 
fmt......... failure index for the matrix tensile failure mode (failure when fmt = 1) 
fcL ........................... constitutive 
law for the shear behaviour T= fCL ('y) 
g ............................... mode ratio 
for intralaminar fracture, g= Grc/Gttc 
h ....................................................... half thickness 
(MMB test) 
h ....... thickness of the tabs in a specimen 
(compression, tension and shear tests) 
h ............................................. total specimen thickness 
(DCB test) 
k ............................................................... penalty stiffness 
kam, ....... penalty stiffness 
for a positive opening mode component of the relative 
displacement (i. e. Si > 0) 
kne9 
...... penalty stiffness for a negative opening mode component of the relative 
displacement (i. e. Sl < 0) 
ki ........................... parameter for the logarithmic law 7- = kl In 
(k2ry + 1) 
k2 ........................... parameter for the logarithmic law r= kl In 
(k2y + 1) 
1 ........................................................................ mesh size 
NOTATION xxii 
m ................................. parameter in Williams and Vaziri's model [146] 
m ............................... slope of the load-displacement curve (MMB test) 
m ..... parameter for the least squares 
fit of the experimental data in a 4ENF test 
mil ............................. slope of the load-displacement curve (MMB test) 
n ................................................................ number of layers 
n ........................................................... normal to an ellipsoid 
t ................................................................ thickness of a ply 
t ....................................................................... thickness 
t ................... thickness of a specimen 
(compression, tension and shear tests) 
t", i ................................ thickness of a calibration specimen (MMB test) 
t:................................... component i of the traction vector, i=1,2,3 
to ........................ magnitude of the traction vector at the onset of damage 
tshear ...................................... shear component of the traction vector 
w ........................................................................... width 
w ........................................................ width of a damage 
band 
X ............................................................ geometric coordinate 
Y ............................................................ geometric coordinate 
z ............................................................ geometric coordinate 
Upper case Roman letters 
A 
.................................................................. area of a crack 
A ............................................................. cross-sectional area 
Ao ...................................................... initial cross-sectional area 
C ..................................................................... compliance 
C .......................................................... constitutive law tensor 
C* .................................... constitutive tensor of an elliptical inclusion 
Co 
..... parameter for the least squares fit of the experimental data in a 4ENF test 
C3,3 ................................ compliance of the loading system (MMB test) 
E .............................................................. Young's modulus 
EE. i ............................... modulus of a calibration specimen (MMB test) 
Ei ................................... Young's modulus in the i direction, i=a, b, c 
NOTATION xxiii 
Eint ............................................................ 
interaction energy 
Ej ............................ .................................. 
bending modulus 
F ....................... total energy transferred to a 
body through external work 
Fi ............................. ........ parameter 
for interactive criteria, i=1,2,6 
Fii ........................... ........ parameter 
for interactive criteria, i=1,2,6 
F12 ........................... ................... parameter 
for interactive criteria 
F12 ........................... ................... parameter 
for interactive criteria 
G ............................ ................................. energy release rate 
Gc 
..................................................... critical energy release rate 
Gi .................... mode i component of the energy release rate, 
i=I, II, III 
Gi............. mode i component of the critical energy release rate, i=I, II, III 
Gi,. ............................ .... 
Shear modulus in the (i, j) plane, ij= ab, bc, ca 
Gi ............... energy release rate 
for crack growth in direction i, with i=T, L 
GI mode I component of the energy release rate for crack propagation in direction 
i, with i=T, L 
G'Ic . mode I component of the critical energy release rate 
for crack propagation in 
direction i, with i=T, L 
GII ........ mode II component of the energy release rate 
for crack propagation in 
direction i, with i=T, L 
GIIc mode II component of the critical energy release rate for crack propagation in 
direction i, with i=T, L 
Gmatrix ....................... ....................... shear modulus of the matrix 
Gshear ......................... ........ shear component of the energy release rate 
GSc ....................................... shear mode critical energy release rate 
Gsc ........................... shear component of the critical energy release rate 
Gt,, t ........................... ........................... total energy release rate 
I .............................. .. moment of inertia of one arm of a DCB specimen 
KIc .......................................... mode I critical stress intensity factor 
Krt ........................... ..................... mode II stress intensity 
factor 
L ............................................................ characteristic length 
L ............................. ............................. longitudinal direction 
NOTATION xxiv 
L ...... half distance between the support points 
in an intralaminar test (Fig. 5.2) 
L ..................... length of a specimen 
(compression, tension and shear tests) 
L ........................................ 
half length of a 4ENF or MMB specimen 
Li ............................ 
length of a brick element along axis i with i=1,2,3 
Li .................... characteristic 
length for the i failure mode, i= mat, kink, ft 
Li ............. characteristic length given in Figs. D. 1(a), 
(b) and (c), i=a, co, a"' 
N ........................ maximum allowable traction 
for loading in pure mode I 
P ..... total applied 
load at failure (four point bend, compact tension and compact 
compression tests) 
P .................................................................... applied 
load 
P tensor used to obtain the stress field in a transformed region; it can by found in 
Refs. [188,189) 
PC ............................................. 
load at onset of crack propagation 
Q ................... tensor used to obtain the stress 
field in a transformed region 
S .................... maximum allowable traction 
for loading in pure shear mode 
S 
...................................................................... compliance 
S ......................................................................... surface 
Std .............................. shear strength in plane 
(i, j), with ij= ab, bc, ca 
Ss.......................... longitudinal -shear strength considering in-situ effects 
SL ................................... shear strength 
for the longitudinal direction 
ST fracture plane fracture resistance against its fracture by transverse shear, often 
referred to in the text as transverse shear strength 
T ............................................................ transverse 
direction 
U ........................................................ strain energy of a 
body 
U ........................... energy absorbed 
by an element after complete failure 
Uo ............................................ strain energy of an uncracked 
body 
V ........................................................... volume of an element 
V ........................................................................ volume 
Vj .......................................................... fibre volume 
fraction 
W ..................... width of a specimen (compression, tension and shear tests) 
Wo .......................... uniform strain energy density of the uncracked body 
NOTATION xxv 
Wo ........................................ 
initial width of a specimen (shear test) 
W3 ..................... energy absorbed 
by a solid to create the surface of area A 
X .......................................... strength in the 
longitudinal direction 
X. ............................. compressive strength in the 
longitudinal direction 
Xt ................................... tensile strength in the longitudinal 
direction 
Y .................................... strength in the in-plane transverse 
direction 
K ....................... compressive strength in the in-plane transverse 
direction 
Y ............................ tensile strength in the in-plane transverse 
direction 
Ys ....................................... .... in-sit u transverse tensile strength 
Lower case Greek letters 
a ............................. coefficient of the power 
law (propagation criterion) 
Q ..................................................................... mode ratio 
,ß.... parameter in the polynomial relation between the shear strain and the shear 
stress proposed by Hahn and Tsai [110] 
,ß............................................................... lamination angle 
,ß........................................................................... angle 
ry ..................................................................... shear strain 
ryij ................................... shear strain in the 
(i, j) plane, ij = ab, bc, ca 
ry 6 ................................................ in-plane shear strain at 
failure 
ry bIis ........................................ in-situ in-plane shear ultimate strain 
ry bax ............................................ maximum (over time) shear strain 
ry b" (t) ............................ maximum (over time) shear strain until time t 
'tab (t') ............................. maximum (over time) shear strain until time t' 
yab .... inelastic component of the in-plane shear strain'; elastic component of the 
in-plane shear strain 
_6b- .................. elastic component of the shear strain in the (a', b') plane 
ry° .......................................................... shear strain at failure 
ry, . ......................... shear strain in the fibre misalignment frame at 
failure 
rymc ........ shear strain in the fibre misalignment frame at failure for a pure axial 
compression case 
NOTATION xxvi 
ymat ..... elastic component of the shear strain acting on the 
fracture plane, in the 
direction of Tmat 
yL ....... elastic component of the 
longitudinal shear strain component acting on a 
fracture plane 
yi'° ..... elastic component of the 
longitudinal shear strain component acting on a 
fracture plane at onset of failure 
-YT ................... transverse shear strain component acting on a 
fracture plane 
yT . transverse shear strain component acting on a 
fracture plane at onset of failure 
b 
........................................................... relative 
displacement 
b ................................................ opening 
displacement (DCB test) 
b(r') ............................................. relative 
displacement at time T' 
Si 
...................... component 
i of the relative displacement vector, i=1,2,3 
bma" (r) ....... maximum 
historical value of the relative displacement, until time T 
P ........................... relative-displacement corresponding to 
damage onset 
bf 
.................... relative-displacement corresponding 
to damage propagation 
borax ....................... maximum 
historical value of the relative displacement 
b, hear ............................... shear component of the relative 
displacement 
b he°, ..... shear component of the relative-displacement corresponding to 
damage 
propagation 
5Bhear shear component of the relative-displacement corresponding to damage onset 
bN relative-displacement corresponding to damage onset for loading in pure mode I 
bN relative-displacement corresponding to damage propagation for loading in pure 
mode I 
JS' 
. relative-displacement corresponding to 
damage onset for loading in pure shear 
mode 
JS . relative-displacement corresponding to damage propagation 
for loading in pure 
shear mode 
............................................................. small number 
(b/a) 
E ........................................................................... strain 
.............................................................. total strain tensor 
e°° ...................................................... uniform strain at infinity 
NOTATION xxvii 
i .............. perturbation in the strain 
field due to the presence of an inclusion 
............................................ normal strain component, i=a, 
b, c 
.............................. 
driving strain for the i failure mode, i= mat, kink 
E; j ......................................... shear strain component, 
ij = ab, bc, ca 
..................................... normal strain at onset of 
failure, i=a, b, c 
E 
.................................. shear strain at onset of 
failure, ij= ab, bc, ca 13 
°t ........... normal strain at onset of 
failure in tension, i=a, b, c 
e=C ..................... normal strain at onset of 
failure in compression, i=a, b, c 
............... value of the 
driving strain for the i failure mode at damage onset, 
i= mat, kink, a 
e; ........ value of the 
driving strain for the i failure mode at damage propagation, 
i= mat, kink, a 
Eel ........................................................... elastic 
strain tensor 
ef .................................................... strain at 
failure propagation 
E° ........................................................... strain at 
failure onset 
el .............................................................. 
longitudinastrain 
En ............................ normal strain component acting on a 
fracture plane 
En .......... normal strain component acting on a 
fracture plane at onset of failure 
Et .................................................... transformation strain 
tensor 
et .................................................................. transverse train 
i stress intensity reduction coefficients for propagation in the transverse direction, 
i=I, II, III 
8. angle defined by the shear and normal components of the relative displacement 
vector, 8= acos (Sl) /S 
0 ......... angle 
formed by the shear component of the traction vector, T, and the 
transverse direction in the fracture plane, i. e., 8= arctan (TL/TT) 
8 ............................................................. misalignment 
frame 
8 ................................................................ 
lamination angle 
8. .................... misalignment angle 0 at failure 
for a pure compression case 
Bi ................................................. initial 
fibre misalignment angle 
rc ...................... variable used in the constitutive law from Refs. 
[11,12,211 
NOTATION xxviii 
A angle of the resultant shear component of the traction, T, at, with the component 
TT (see Fig. 4.4(a), A= arctanrL/TT) 
PT ................................. 
friction coefficient for the transverse direction 
PL ............................... 
friction coefficient for the longitudinal direction 
v .................................................................. Poisson's ratio 
vu. ................................ 
Poisson's ratio in the (i, j) plane, ij = ab, bc, ca 
ýj ........ stress intensity reduction coefficients for propagation in the longitudinal 
direction, i=I, II, III 
P ........................................ ............................... 
density 
Q ........................................................................... stress 
o .................................................................... stress tensor 
.............. perturbation in the stress 
field due to the presence of an inclusion 
01°O ...................................................... uniform stress at infinity 
Qap ................................................................. applied stress 
aef ................................................................. effective stress 
aj .............................. normal stress component, i=a, 
b, c, am, bm, V, c0 
attraction associated with the driving strain for the i failure mode, i= mat, kink, a 
o,,, .. normal component of the traction vector in a potential matrix fracture plane 
o° ........................................................ stress at onset of 
failure 
Ui* ..... traction associated with the driving strain for the i failure mode at 
damage 
onset, i= mat, kink, a 
Qn . normal component of the traction vector acting on a fracture plane at onset of 
failure 
T ..................................................................... shear stress 
T ......................................... shear component of the traction vector 
T ............................................................................ time 
T' ........................................................................... time 
Tij ....... shear stress component, ij= ab, bc, ca, ambm, b"'c"', ab'1', c0a, bmc'b, c'h1am 
Tm ......................... shear strain in the fibre misalignment frame at failure 
Tmat ..... shear component of the traction associated with the driving strain for the 
matrix failure mode (vmat) 
NOTATION xxix 
T,,, c .... shear strain in the fibre misalignment 
frame at failure by pure longitudinal 
compression 
TL ...... longitudinal shear component of the traction vector in a potential matrix 
fracture plane 
TL T"' ...................... friction stress associated with the longitudinal direction 
TT transverse shear component of the traction vector in a potential matrix fracture 
plane 
TLlongitudinal shear component of the traction vector acting on a fracture plane at 
onset of failure 
TT . transverse shear component of the traction vector acting on a fracture plane at 
onset of failure 
friG 
........... 
friction stress associated with the transverse direction 
0 ... angle of the fracture surface with the through-the-thickness direction, 
for the 
matrix failure mode under a generic state of stress 
Oo .. angle of the 
fracture surface with the through-the-thickness direction, for the 
matrix failure mode under pure in-plane transverse compression 
X ......................... correction 
factor for the data reduction in an MMB test 
X (7ab) ..................... twice the strain energy associated with in-plane shear 
X (7 e, ts) .......... twice the strain energy associated with in-plane shear at 
failure 
V) ........ angle of the 
fibre-kinking plane with the b axis, as shown in Fig. 3.15(b) 
2P, ................ 
first root of the angle of the fibre-kinking plane with the b axis 
02 .............. second root of the angle of the fibre-kinking plane with the b axis 
w. angle defined by the two shear components of the relative displacement vector, 
w= atan b3/b2 
w.. angle of the magnitude of the traction 0,,,,, t with the shear component Tmat (see 
Fig. 4.4(b), w= arctan (as) /Tmat) 
Upper case Greek letters 
r ..................... energy per unit area dissipated by a localized damage mode 
I' ......................... correction factor for the data reduction in an MMB test 
I'4 ............................ energy release rate for the fibre tensile failure mode 
NOTATION xxx 
rb ....... mode I intralaminar fracture energy release rate 
(i. e. pure tensile failure, 
positive o acting alone) 
rkink """"..................... energy release rate 
for the fibre kinking failure mode 
I' ................. energy per unit volume 
dissipated by a localized damage mode 
rL ............................ energy release rate corresponding to TL acting alone 
rT ............................ energy release rate corresponding to TT acting alone 
0 ................................................................... displacement 
0 ... correction term applied to the crack 
length, from the ASTM standard for the 
DCB test [30] 
A .................................... tensor used to obtain the interaction energy 
Ab . parameter used to obtain the energy release rate for an intralaminar slit crack 
A* parameter used to obtain the energy release rate for an intralaminar slit crack 
II ......................................... potential energy, defined as II =U-F 
Operators 
(") ........................ Mc-Cauley bracket defined by 
(x) = max {O, x} ,xER 
S(") ......................................................... Dirac delta function 
Chapter 1 
Introduction 
Advanced composite materials, typically consisting of reinforcing fibres (e. g. carbon 
fibres) in a resin matrix (e. g. epoxy), are progressively replacing metals in the 
transport and defence industries. For this reason, it is important to understand 
and be able to predict the failure of composite structures, under static and dynamic 
loads. 
The present knowledge on the failure behaviour of composite structures comes 
from two main sources: experimental and numerical. The experimental tests suf- 
fer from two main drawbacks. Firstly, they are considerably expensive and time 
consuming, particularly when different loading situations, impact orientations, ve- 
locities and morphologies of the structure are tested. Secondly, they can rarely 
be used in the earlier design stages, as the manufacturing capabilities may not be 
installed yet, and component testing might require a dedicated test set-up. 
The capability to numerically model the failure and energy absorption of com- 
posite structures allows savings by postponing testing to final stages of design, and 
brings a deeper insight into the knowledge of material and structural failure. Once a 
numerical model of a particular component or complete structure is developed, sev- 
eral load cases, impact orientations and velocities can in principle be investigated 
at low cost. This can result in the definition of response maps, characterizing a 
component's structural and crashworthiness capabilities. The information obtained 
can then be used to further enhance the final design. 
1 
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At the current state of development, numerical models cannot be totally trusted 
to model complex static or dynamic failure situations involving composite materials 
accurately. To a great extent, this is because the physics of composite materials 
failure is complex and not fully understood yet. Furthermore, failure models need 
to be implemented into numerical codes, if they are to be used to analyse complex 
structures. However, for the most commonly used numerical method, the Finite 
Element (FE) method, modelling failure is a complex issue, and raises difficult 
problems, which include, for example, mesh dependency, energy absorption and 
large element distortions. 
The work in this thesis is restricted to laminated composites with unidirectionally 
reinforced plies, and its aims are: 
" to investigate the physics of failure in laminated composites, and formulate 
failure models and criteria for each failure mode, which more accurately incor- 
porate the physics of failure; 
9 to implement these models in an FE code which is used by the industry, and 
which should be able to model situations ranging from simple specimens to 
complex structures, in static and dynamic loading situations; 
" to use, in the FE implementation, formulations which correctly model the 
energy absorbed by each failure mode. For delamination, this is achieved by 
using decohesion (or interface) elements, and for the other failure modes by 
using a smeared formulation; 
9 if necessary, to develop the experimental tests required to measure the material 
properties needed by the model. 
In this context, in Chapter 2, a three-dimensional (3D) decohesion element with 
mixed mode capabilities is formulated and incorporated into the finite element code 
LS-Dyna [1] to model delamination. In Chapter 3, a 3D ply material model is for- 
mulated. The material model distinguishes matrix and fibre tensile and compressive 
failure, and includes nonlinear behaviour in shear. The matrix compressive failure 
mode is addressed with a modified 3D version of the Puck [2] matrix compression 
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failure criterion. For the fibre failure in compression, a 3D criterion based on Argon's 
[3] approach considering matrix failure prompted by material imperfections is used 
in a framework similar to the one proposed by Davila et al. [4]. In Chapter 4, the 
3D ply material model is implemented in LS-Dyna. On the post-failure behaviour, a 
smeared formulation is used, which allows for constant energy absorption, regardless 
of mesh refinement. Applications of the interface element and the ply failure model 
are presented. Analytical and experimental data are shown to be in good agreement 
with the numerical predictions. Experimental tests to measure the energy release 
rate associated with intralaminar fracture are presented in Chapter 5. For the ten- 
sile and compressive fibre-dominated failure modes, experimental tests to measure 
the associated energy release rates are presented in Chapter 6. 
Chapter 2 
Formulation and implementation 
of a decohesion element 
2.1 Introduction 
Initiation and propagation of delamination is often a precursor to ultimate failure 
in laminated composite structures. Knowledge of delamination and ability to model 
this aspect of failure therefore deserve particular attention. 
In implicit Finite Element (FE) codes, decohesion elements have been success- 
fully used to simulate standard delamination toughness tests (Double Cantilever 
Beam (DCB), Mixed-Mode Bending (MMB) and End Notch Flexure (ENF)) [5- 
10]; debonding of skin/stiffener specimens [6], overlap tests [11], compression after 
impact (CAI) of composite plates [5,12] and crush of composite tubes [13]. 
In explicit analyses, nonlinear springs have been used to model the interfaces in 
layered composites [14]. Some work using a cohesive zone approach is presented in 
Refs. [15,16], in which the applications include MMB specimens and the impact 
with penetration of a steel ball in a composite plate. However, very few details are 
given on the formulation and implementation. In another work, Borg et al. [17] used 
a discrete cohesive zone approach to model delamination. Coincident nodes were 
tied together with a penalty formulation before delamination onset. During damage 
propagation, the nodal forces were reduced to zero as the amount of dissipated 
4 
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Top surface 
S 
y Bottom surface 
Figure 2.1: Decoliesion model 
work approached a value corresponding to the fracture energy, which was obtained 
from the energy release rate using the respective nodal area. The model was then 
modified to use a damage formulation [18], and was finally implemented within 
a contact algorithm [19,20]. In the present work, a different. approach is pursued, 
using decohesion elements, because they have proved to be an useful tool for implicit 
analyses. 
Decohesion elements are typically formulated in terms of a traction vs. relative- 
displacement relationship instead of the traditional stress vs. strain relation. Gen- 
erally, two surfaces (top and bottom) are considered, as shown in Fig. 2.1. Each 
point in each of these surfaces has a corresponding point on the oilier surface, des- 
ignated as homologous. A pair of homologous points is a pair of points that. are in 
contact before the interface is loaded. The relative displacement between each pair 
of homologous points is projected in a local reference system, Which expresses the 
relative displacement in terms of an opening anode and a sliding mode. Sliding can 
be due to mode II or mode III loading (or a combination of both). 
Prior to delamination onset, an elastic constitutive law usually relates the relative 
displacement of two homologous points with the traction (force per unit area) acting 
on both the top and bottom surfaces. For pure mode I or pure shear mode problems, 
the interface is usually considered to have an elastic behaviour (linear or not, ), until 
the respective maximum allowable stress is reached. Then, the stiffness is reduced 
in such a way that the energy absorbed per unit area is equal to the corresponding 
critical energy release rate (GI, or Gs, respectively). For mixed-mode problems, 
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the elastic relationship is valid until a stress-based initiation criterion is verified. 
From this stage onwards, the stiffness is reduced for each mode ratio in such a way 
that the energy absorbed in the mixed-mode situation is defined by a propagation 
criterion. 
LS-Dyna [1] is one of the explicit FE codes most widely used by the industry to 
model impact or crash situations in laminated composite materials. However, deco- 
hesion elements are not available within this code. In this work, a decohesion element 
with a bilinear constitutive law is formulated and implemented in LS-Dyna. The 
formulation is based on published work [5,10,13]. Due to stability limitations which 
are identified with the discontinuities in the bilinear law, two other constitutive laws 
are also developed. One of these constitutive laws is a third-order polynomial, and 
the other is a combination of linear and third-order polynomial segments. These 
two constitutive laws are implemented together with the bilinear law within a new 
decohesion element, using an enhanced formalism. The three different constitutive 
laws are compared, and applications are presented in mode I, mode II and mixed 
mode I and II. 
2.2 Bilinear constitutive law 
2.2.1 Introduction 
The bilinear formulation presented in this section is based on the formulation from 
Refs. [5,10,13], and a comparison with the work from Refs. [11,12,21] is performed. 
Consider a point in an interface like the one in Fig. 2.2. The tractions t; between 
the top and bottom surfaces of the interface at that point are related to the relative 
displacement b; at the same point for i=1,2,3 (Fig. 2.2). The index value i=1 
corresponds to an opening mode (mode I), while the index values i=2 and 3 
correspond to a shear mode (mode II, III, or a combination of both). In decohesion- 
element formulations, the sliding mode is usually considered to represent both modes 
II and III because the distinction between mode II and III depends on the direction of 
the relative displacement between homologous points with respect to the orientation 
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Figure 2.2: Bilinear constitutive law in single-mode loading 
of the crack front. Without knowing how the crack front is oriented--and in it generic 
situation, with multiple crack growth, it might be difficult even to define it-- it is 
impossible to distinguish between mode II and anode III. 
The relative-displacements and tractions corresponding to the onset, of daniage 
are denoted as onset displacements and onset tractions respectively, and identified 
with the superscript `°'. The relative displacements corresponding to complete de- 
cohesion are denoted final displacements and identified with the superscript `1'. 
Suppose a point loaded such that a relative displacement SSA is applied parallel 
to one of the local axes (i = 1,2 or 3). While the relative displacement has never 
exceeded its damage onset value, the point behaves elastically. Once the onset 
displacement is exceeded, some energy is dissipated. The total energy that. can be 
dissipated at each point (per unit area of the interface) equals the critical energy 
release rate for the corresponding node. 
When the maximum traction N or S (according to the mode. ) is reached, the 
damage is assumed to start propagating. The corresponding onset displacements 
are, for the opening and shear modes respectively: 
SN = 
Nk 
Ss = (2.1) 
where N and S are the mode I and shear anode maximum allowable tractions re- 
spectively. (The subscripts N and S on the onset displacements 8N and 6' indicate 
that these onset displacements correspond to the normal or shear traction acting 
alone, respectively. ) When the traction reaches zero, the energy absorbed must 
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equal the critical energy release rate. This leads directly to the definition of the 
final displacements in a pure-mode loading situation as 
° (2.2) öN = 
bös 
and f- Hs* N 
where GI, and GS, are the mode I and shear mode fracture toughnesses. 
The maximum tractions N and S should be an estimate of the tensile and shear 
interfacial strengths, respectively. However, when modelling delamination propaga- 
tion, it has often been found that the precise value of these strengths has little effect 
on the computed response [11]. 
2.2.2 Mixed mode 
In a situation where more than one mode acts simultaneously, the damage starts 
propagating even before one of the limit tractions for pure mode loading (N or S) 
is attained individually-Fig. 2.3. In order to analyze this situation, the shear 
relative-displacement, Sshear, and the magnitude of the relative displacement, b, are 
defined as 
bahear = (52ý2 + VX, a= 
V(b1)2 
+ (sahear)2 (2.3) 
where the operator (") is the Mc-Cauley bracket defined. as (x) = max {O, x}, xER. 
The shear traction is defined as 
tahear =. (t2)2 + (t3)2 (2.4) 
and the participation of the different modes ß, is defined as 
Q= max { 0, 
SeSenr 1. 
(2.5) 
l1J 
The equivalent driving displacement b leads to a unique definition of the state 
of deterioration in mixed mode, as proposed by Allix and Corigliano [22] in the 
framework of damage modelling. The onset relative-displacement, b°, is defined by 
a mixed-mode initiation criterion and the final relative-displacement, 5f, is defined 
by a mixed-mode propagation criterion. 
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Figure 2.3: Mixed-anode behaviour for the bilinear law 
2.2.2.1 Mixed-mode initiation criterion 
The following quadratic delamination criterion is used, for it, lia proven to he 5uit- 
able for delamination onset prediction in composite materials by other authors 123 
25J: 
(()2 (S) + 
tch ar 
2=1. 
(2.6) 
As tractions are a function of the relative displacements, the previous criterion may 
he expressed in terms of relative displacements resulting in 
l +, ß2 
Sý. SN Si >0 
S° - (S + (ßäN)2 (2.7) 
S1.1--- S, <0. 
2.2.2.2 Mixed-mode propagation criterion 
The mixed-mode propagation criterion establishes the state of complete decohesion 
for different ratios of applied mode I and shear mode energy release rates. There 
are several criteria that establish inixed-anode propagation. Oiie of these, the power 
law criterion [11], can be expressed as 
an GI (Csitcar) 
_1 
(2.8) 
d c. Gs, 
Consider the energy absorbed up to the complete decohesion in a mixed-eiode load- 
ing situation, for each mode. As the tractions are a function of the relative displace- 
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ments, the mode I and shear mode energy release rates may be expressed in terms of 
relative displacements. The energy absorbed by each mode in a mixed-mode loading 
is (Fig. 2.3) 
GI = 
b2j1 
and Gahear = 
ksshe 
ýý hear. (2.9) 
Introducing Eq. 2.9 in the expression of the power law criterion, Eq. 2.8, the 
expression for bf can be obtained as 
2(l + p2) [() 1 a+ Q2 a -lýa b> 0 
Sf = Ho G i, \Gscý J1 (2.10) 
bs bl < 0. 
For most carbon/epoxy composites, the mixed-mode data can be accurately repre- 
sented using 1<a<2. 
Similar expressions can be derived for other criteria. For instance, Benzeggagh 
and Kenane's criterion [26] uses the parameter 17 to describe the mixed-mode inter- 
face behaviour: 
GI, + (Gs, - Gl,, ) 
(Gshear 
G1 
17 
= Gi + Gshear. (2.11) 
1+ Gshear 
J 
Proceeding as before, but now using this criterion, the expression for the final relative 
displacement is obtained as 
bf 
kb° [c1° + (Gs° - Gt°) 1 bl >0 (2.12) 
bs Bbl<0. 
2.2.3 Constitutive law 
In order to account for irreversibility, the maximum over time value of the mixed- 
mode displacement is defined as, at time r, 
5max (r) = max {S (T')} . 
(2.13) 
Neglecting the interpenetration that occurs in the eventuality of compression, 
the constitutive law could be expressed very simply as 
ti = (1 - d) k51 (no sum in i) (2.14) 
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where only one damage variable is used, and is defined as 
0 bma < b0 
max_ o 
d= äm_x 
ar_a, 
b° < bm < Sf (2.15) 
1 4= bma > if. 
The expression for the damage variable above results directly from the definition of 
the onset and final relative-displacements, and the bilinear shape for the constitutive 
law. From Eq. 2.15, it follows that dE [0,1]. 
In order to avoid interpenetration for compression situations, a simple contact 
logic already available in most FE codes could be used. Instead, the following 
condition is added to Eq. 2.14: 
ti = k51 bl < 0. (2.16) 
This constitutive law expressed by Eqs. 2.14 to 2.16 has only one damage variable 
d, and, in a mixed-mode situation, implies that the state of complete decohesion is 
attained at the same time for opening and shear loading. 
2.2.4 Comparison to other formulations 
The decohesion formulation presented is compared to the one proposed by Crisfield 
and co-workers in Refs. [11,12,21]. In those references, the following relation be- 
tween relative displacements and tractions is proposed: 
ti =1-1+ 
ril 
k aI 
J1I V k51 (2.17) 
NN 
with 
tshear as =1-1+ 
IC of Ufo 
kashear (2.18) 
S- S 
b 21/(2) 
ý_ 
[(i\2a 
ao ) +( 
shear ) -1 (2.19) N/`) 
This formulation verifies the power law for damage propagation, as expressed in 
Eq. 2.8. Fig. 2.4 compares the applications of both implementations in a mixed- 
mode loading situation with P= 1/2, for an interface with the following properties: 
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Figure 2.4: Comparison of two different decohesion models in mixed mode 
GI, = 0.7 kJ/m2 , Gtr. = 1.7 kJ/m2 ,N= 80 MPa ,S= 100 MPa and 
k=1x 
105 N/mm3 . For this comparison, the value a=1 is used for both 
formulations, as, 
for this case, the damage onset criterion expressed in Eq. 2.6 is also satisfied. Note 
that when damage starts propagating, the complete definition of the model requires 
the determination of the two different variables bl and ö hear. However, only one 
equation is available: the one that results from the application of a propagation 
criterion. The other condition, implicitly considered in the model presented, is that 
the interface should attain the state of complete decohesion at the same time for 
normal and shear components of the traction, as can be observed in Fig. 2.4. On 
the other hand, for the model proposed in Refs. [11,12,21], complete decohesion 
is attained at different times for the opening and shear modes. In Ref. [21], it is 
recognized that this goes against experimental evidence; it is however argued that 
this problem can be simply overcome by considering different penalty stiffness values 
for mode I and mode II, so as to achieve bN/d5 =6 /8S. All formulations presented 
in the present work avoid this requirement. 
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2.2.5 Varying mode ratio 
In this formulation, the irreversibility of damage is considered through the definition 
of the maximum magnitude of the relative displacement (Eq. 2.13). 
Consider a situation where the mode ratio at a given material point is constant 
in time. In this case, if unloading occurs after damage onset, then the point will 
linearly unload towards the origin and the maximum relative displacement that once 
existed at that point is recorded in the variable 5ma". When re-loading, no energy is 
absorbed until 6ma" is reached again. When complete decohesion occurs, the energy 
absorbed is the one defined by the propagation criterion, and does not depend on 
the loading/unloading sequence. 
Consider now a more generic situation, where the mode ratio (at a given point) 
does change throughout the loading, in the damage propagation phase, Fig. 2.5. In 
this figure, a point has been loaded in mode I (vertical axis) and damage started 
propagating until it reached the point denoted by `1'. Suppose that in a numeric 
incremental implementation, the next equilibrium point is `2'. There is no trivial 
answer to what the memory of damage would be for this new mode ratio, and how 
much energy should still be available to be absorbed. 
One possibility to address this issue in a decohesion formulation is that, at any 
load step, the maximum mixed-mode displacement is considered to provide a mem- 
ory of the damage evolution, regardless of the mode ratio. In Fig. 2.5, this methodol- 
ogy is represented by the circle drawn from the initial point `1'. Another possibility, 
from Refs. [12,21], consists in storing the maximum value in time of the variable 
rc in Eq. 2.19. This approach is represented in Fig. 2.5 for the particular case of 
a=1, by the ellipse starting from point T. Provided the mode ratio does not 
change substantially, then the two approaches are very similar. 
2.2.6 Implementation 
The decohesion model presented has been implemented in LS-Dyna [1] as a user 
material within a brick element. This approach for the implementation has the im- 
plication of requiring to model the resin rich layer (for the case of delaminations) 
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Figure 2.5: Varying mode ratio at a point 
as a nonzero thickness medium. However, the resin rich layer has, in fact, a finite 
thickness, and mass scaling can be used to obtain faster solutions when applying the 
decohesion element to quasi-static situations. Note that the volume associated with 
the decohesion element can in fact be set to be very small by using a small thickness 
(0.01 to 0.001mm) and the element's kinetic energy arising from this be still several 
orders of magnitude below its internal energy, which is an important consideration 
for quasi-static analyses. Within the user material, the nodal displacements and 
the strains are known, and the stress tensor must be provided. The only nonzero 
components of the stress tensor correspond to the components of the traction vec- 
tor, whose determination is straight-forward using the presented formulation, which 
requires storing J'a' as a history variable. 
2.3 Two other constitutive laws 
2.3.1 Introduction 
The bilinear constitutive law presented in the previous section allows the modelling 
of delamination in composite materials and has been successfully used by several au- 
thors in implicit analyses [5,10,13]. Several authors have proposed different shapes 
for the traction vs. relative displacement laws, e. g. Refs. [9,27,28]. Williams and 
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Hadavinia [29] derived analytical solutions using different cohesive zone traction laws 
for a cantilever beam specimen, using a beam on elastic foundation model. They 
concluded that the results showed insensitivity to the form of the traction law, for 
any of the five laws studied. It can thus be asserted that the shape of the inter- 
face law is not of extreme importance, provided the fracture toughness is correctly 
accounted for, and that the initial stiffness and maximum traction are reasonably 
consistent with the stiffness and strength of the material being modelled. However, 
there is little information on the stability of different shapes of the constitutive law 
in explicit FE codes. 
It will become evident in the remainder of this work that the two discontinu- 
ities existing in the bilinear law (at peak value and complete decohesion) generate 
numerical instabilities in an explicit implementation. In certain situations, a stress 
wave is generated at those points, and this excites high-frequency vibrations that 
completely break the decohesion elements in the vicinity. It is possible to overcome 
this problem by using damping algorithms, higher mesh refinement, lower interface 
strength, higher fracture toughness or lower load-rate. However, the particular fi- 
nite element model that is not affected by these shock waves is not always straight 
forward to define. 
For those reasons, two alternative constitutive laws are proposed and imple- 
mented in LS-Dyna [1]. The shape of the first law is a curve, and is defined by a 
third order polynomial function as proposed in Ref. [27]: 
t= 47 t° (1 - 
aý)2 af. (2.20) 
It can be easily shown that the maximum value of the traction in Eq. 2.20 is 
to, which corresponds to damage onset. It can also be shown that the maximum 
traction corresponds to a relative displacement b= 8f /3. The final displacement in 
a single-mode loading can be related to t° and the energy dissipated per unit area 
Gc by 
ar _ 
48 Gc 
27 t° 
(2.21) 
The function in Eq. 2.20 has no discontinuities, and the slope at complete decohe- 
sion is zero, which renders the complete failure of the element much smoother-Fig. 
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2.6(a) and (b). In order to introduce a damage variable (which is useful to define 
the mixed-mode behaviour, irreversibility, for post-processing, and for uniformity of 
the implementation), Eq. 2.20 can be expressed as 
t=k(1-d)S 
where k= 27t0/451, d=1 for 5> 5f, and 
(2.22) 
()2 
d=2- for 5< bf. (2.23) 
The second alternative constitutive law proposed and implemented in LS-Dyna 
[1) is similar to the bilinear, in the sense that it is characterized by a linear-elastic 
behaviour before failure onset. However, it is also similar to the third order poly- 
nomial constitutive law, in the sense that discontinuities are smoothed by using a 
third-order polynomial. The constitutive law, shown in Fig. 2.6(c) and (d), can be 
expressed by Eq. 2.22, but with the damage variable defined as d=0 for b< b°, 
d= 1 for ö> bf, and 
o 55- oZ/- JO 
-o d=1- 
[1+ (816) 12a_ ä° -3I for 5<85. (2.24) 
The constitutive law defined by Eqs. 2.22 and 2.24 has zero slope at failure onset, 
resulting in a discontinuity which is less severe than the one existing for the bilinear 
formulation, and the slope at complete decohesion is zero, which renders complete 
failure smoother. 
2.3.2 Constitutive law 
The bilinear formulation presented in the previous section is based on previous work 
[5,10,13], and for consistency with that work, the mixed-mode ratio was defined as 
Q= ashear/b1. However, this definition implies that a division by zero occurs for pure 
shear mode loading, which has to be considered as a particular case in the numerical 
implementation. An alternative definition is therefore used in this section, which 
avoids this division by zero: 9= acos ((5k) 15), 0E [0,7r/2]. The contribution of 
the different shear components is defined as w= atan (83/52) ,wE 
[0,27r[. 
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Figure 2.6: Third-order polynomial constitutive law (a) shear mode and 
(b) opening mode; linear/ polynomial constitutive law (c) shear 
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The constitutive law of the interface element, expressed on the direction of the 
relative displacement, is defined as 
t=kko, (1-d)a (2.25) 
where kam, is an input parameter for the bilinear and the linear/polynomial consti- 
tutive laws, but is computed as kam, = 27t0/451 for the third order polynomial law. 
The traction components are recovered as 
tl =t COS e, tshear =t sin B (2.26) 
t2 = tshear COS W, t3 = tshear sin w (2.27) 
with the following condition added to prevent interpenetration: 
tl = kne9a1 G 81 <0 (2.28) 
where k/ie9 is the penalty stiffness, also given to the model as an input parameter. 
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2.3.3 Mixed-mode behaviour 
2.3.3.1 Initiation criterion 
The initiation criterion used in the bilinear constitutive law of the previous section, 
Eq. 2.6, is also used here. When applied to this formulation, the expression for the 
magnitude of the onset traction is 
to = 
sin 0)2 
- 1/2 [(COSO)2+ 
N(sin 
(2.29) 
For the bilinear and the linear/polynomial constitutive laws, the onset relative dis- 
placement needs to be defined and is obtained as 
(Jo = tof "pos 
where kam, is the elastic stiffness. 
2.3.3.2 Propagation criterion 
(2.30) 
Using the power law (Eq. 2.8) for the propagation criterion, and using the definition 
of the participation of each mode ratio 0, Eq. 2.8 can be manipulated to obtain the 
fracture toughness G, as 
Gc 
[(c OZ0l a+ (s2 G, Bl l1(2.31) 
=, /s, /J 
Benzeggagh and Kenane's criterion [26] (Eq. 2.11) can also be used instead of the 
power law, resulting in 
Gc = GIS + (Gsc - GIc) (sin20)17. (2.32) 
The final relative-displacement can then be obtained as 
2Gc 
to 
(bilinear and linear/ polyn. laws) bJ =t 48 G, 
(3"' 
(2.33) 
order polynomial law). 27 to 
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2.3.4 Irreversibility 
Irreversibility can be addressed by storing the maximum value in time of the mag- 
nitude of the relative displacement J. This approach was followed in the previous 
section, for consistency with the work on which it was based [5,10,13]. Other similar 
approaches are possible, such as storing the maximum value in time of the variable 
S/5° or of the variable S/8f. With any of these approaches however, it cannot be 
always and simultaneously guaranteed that a point at the stage of damage prop- 
agation will not become completely undamaged or fully damaged, just as a result 
of a change in the mode ratio. Also, with some of the previous approaches, and in 
particular with the one implemented in the previous section, a fully damaged point 
could become only partially damaged as a result of just a change in the mode ratio. 
These assertions can be better visualized using Fig. 2.5. 
An approach that avoids the mentioned limitation, and which is eventually more 
intuitive, consists of storing the maximum value in time of the damage variable 
itself. With the latter approach, the instantaneous value of the damage variables 
are defined as 
I OAS<50 
d''nst (_50 <S< Sf (bilinear law) (2.34) 
1<-= S>Sf 
aa2 
inst 27 - 
(h) S< bf 
(3rd order polynomial law) (2.35) 
1.4-- S>Sf 
orb<b° 
nst + (äm)2 (2T - 3)2] b° <b< bj (Linear/polyn. law) 
lib>bf 
(2.36) 
and the damage variable itself is obtained from the instantaneous value as 
d(T) = max {di"st(T )1. (2.37) 
For the 3rd order polynomial law, Eq. 2.37 can be modified so that a reversible 
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nonlinear elastic behaviour exists before damage onset, resulting in 
din°t(T) =d< 5/9 
d(T) = 
max {dinst(T')} Gd> 5/9 
rl<r 
2.3.5 Implementation 
(3rd order polynomial). 
20 
(2.38) 
The third-order polynomial, linear/polynomial and bilinear decohesion models pre- 
sented have also been implemented in LS-Dyna [1] as a user material within a brick 
element. The implementation is similar to the previous bilinear one, except that 
the damage variable d is now stored as a history variable, instead of the maximum 
displacement bmaX. Also, the implementation is made within a single user element, 
and the user can specify which constitutive law to use via the input file. 
2.4 Benchmark applications (quasi-static) 
Even though the decohesion element has been implemented in LS-Dyna for dynamic 
analyses essentially, the benchmark tests presented in this section are quasi-static. 
Modelling quasi-static problems with an explicit FE code is bounded by some con- 
straints. System damping has to be used to damp the dynamic vibrations, and the 
analysis requires a large number of time steps (during which numerical errors can 
potentially accumulate, and external work can be converted into energy forms other 
than internal, such as kinetic, hourglass control, and damping). The displacement 
rate in the following examples was chosen in such way that, while guaranteeing that 
the kinetic and damping energy are negligible and the vibrations acceptable (thus 
guaranteeing the simulation of a quasi-static case), the CPU run time was kept un- 
der a few hours. For considerably more complex problems, the analysis time can still 
be reasonably low, by using several CPUs in parallel. However, there are advantages 
of using explicit codes for quasi-static problems, since decohesion elements imple- 
mented in implicit codes usually have difficulties converging for large displacements, 
which does not happen for explicit codes. Finally, it is worth mentioning that most 
tests in this section could have been modelled more efficiently having used 2D ele- 
ments, but, as stated, they are intended as benchmarks. In the following examples, 
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Figure 2.7: Total fracture toughness, as a function of mode ratio 
the bilinear formulation from Section 3 has been used, as opposed to the one from 
Section 2 (note that the two bilinear formulations are coincident for all examples, 
since the mode ratio does not change). 
2.4.1 Fracture toughness tests 
The mechanical properties of a carbon-epoxy prepreg (T300/913, supplied by Hex- 
cel) were measured experimentally (see Appendices A and B). Mode I (DCB, [30]), 
mode II (4ENF, [31,32]) and mixed mode (MMB, [33]) tests were carried. The main 
results from these tests are presented graphically in Fig. 2.7. To characterize the 
mixed-mode behaviour, the power law (with coefficient a=1.21) was found to give 
the best fit to the mixed-mode data. This value of a has therefore been used in the 
simulations. The average mode I and mode II fracture toughness were determined 
as GI, = 0.258 kJ/m2 and Gtr, = 1.08 kJ/m2 . 
2.4.1.1 Mode I 
One of the DCB specimens from the mentioned test program (Appendix B), was 
chosen to be simulated. The specimen was 20 mm wide, 3.1 mm thick and the 
pre-crack length was 53 mm -Fig. 2.8. The average mode I fracture toughness 
registered during the test is GI, = 0.268 kJ/m2 and the flexural Young's modulus 
is E= 119 GPa. The maximum mode I traction was taken as N= 60 MPa, which 
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Figure 2.8: Numerical model of a DCB specimen 
is representative of the interface strength, and the penalty stiffness as k= ; pos = 
k71eg =1x 105 N/mm3 (the use of much smaller values of maximum traction or 
penalty stiffness would result in failing to correctly represent the behaviour of the 
specimen before crack propagation). The minimum decohesion-element, length in 
the numerical model was 0.2 mm, which ensured that at least 4 decohesion elements 
were contained in the cohesive zone at any time, thus ensuring a smooth solution 
[11]. A displacement-rate of 560 mm/s was applied to tile appropriate points of the 
model. Each arm of the specimen was modelled using 1-integration point, 8-noded 
brick elements, with 3 elements across the thickness, and considered isotropic with 
E= 119GPa and v=0.3. The model ran in ti 5 hours (using a 2.4GHz Pentium 
IV computer). 
The load vs. displacement curves obtained from the simulation are presented in 
Fig. 2.9, together with experimental data and the analytical solution for propaga- 
tion. 
It can be observed that the numerical curves slightly over-estimate the load 
for large displacements. The error in the fracture energy absorbed by each failed 
element is monitored and found to be under 0.0025% for all formulations. The 
difference between analytical and numerical is thus essentially due to other factors 
which include kinetic, hourglass-control and damping energy in the model, as well 
as accumulation of round-off errors during the analysis. 
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Figure 2.9: Experimental, analytical and numerical load vs. displacement 
curves for a DCB specimen 
2.4.1.2 Mode II 
A particular 4ENF specimen from the mentioned test program (Appendix B) was 
chosen to be simulated. The specimen was 20 mm wide, 3.1 mm thick and the pre- 
crack length was 25 mm . Part of the 
loading rig was modelled as well, in order 
to account correctly for the boundary conditions, as shown in Fig. 2.10. The 
measured fracture toughness, Gllc = 1.11 kJ/m2 , was used in the simulation, and 
the flexural modulus was taken as E= 137 GPa . The maximum mode 
II traction 
was taken as S= 60 MPa. The minimum decohesion element length was 0.5 mm. A 
displacement-rate of 240 mm/s was applied to the appropriate points of the model. 
Each arm of the specimen was modelled using 1-integration point 8-noded brick 
elements, with 3 elements across the thickness, and considered isotropic with E= 
137 GPa and v=0.3. The model ran in .: s 2 hours (using a 2.4GHz Pentium IV 
computer). 
The maximum error in the energy absorbed by each element is under 1% for all 
formulations. With the exception of the harmonic vibrations related to the dynamic 
loading, the numerical results fit very well the analytical and experimental ones, 
Fig. 2.11. 
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Figure 2.10: Mesh and loading body for the 4ENF specimen 
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Figure 2.11: Experimental, analytical and numerical load vs. displacement 
curves, for an ENF specimen 
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2.4.1.3 Mixed mode 
The simulation of an MMB test also requires modelling of the test fixture, as shown 
in Fig. 2.12. The specimen modelled was 20 mm wide, 3.1 mm thick and the pre- 
crack length was 33 mm. The distances between loading points are shown in Fig. 
2.12. The fracture toughness values used in this simulation were an average of 
the tests performed (Appendix B): G1« = 0.258 kJ/m2, G11 = 1.108 kJ/m2, and, 
as reported earlier, the power law parameter a was determined to be 1.21. The 
flexural modulus obtained from the test was E= 112 GPa. The maximum mode I 
and mode II tractions were taken as N=S= 60 MPa. The minimum decohesion 
element length was 0.25 mm .A displacement-rate of 60 mm/s was applied to the 
appropriate points of the model. Each arm of the specimen was modelled using 1- 
integration point 8-noded thick-shell' elements, with 1 element across the thickness, 
and considered isotropic with E= 112 GPa and v=0.3. The model ran in 3 
hours (using a 2.4GHz Pentium IV computer). 
There is a good agreement between the numerical, analytical and experimental 
data, as shown in Fig. 2.13. Note that in this case, a significant part of the difference 
between numerical and analytical curves results from two factors not present in 
pure-mode loading situations: the decohesion element (i) interpolates the mixed- 
mode fracture toughness using the power law, and (ii) obtains the mode ratio from 
the ratio of relative displacements, and the latter ratio might be influenced by the 
vibrations in the model. 
2.4.2 Isotropic circular plate under transverse point load 
An isotropic circular plate is loaded by a single point load at the centre, and a 
circular delamination is assumed to start in the mid-surface of the plate. The failure 
load is independent of the delamination size and the axissimetric plate boundary 
conditions. The failure load at which a delamination starts propagating is given 
'Thick-shell elements [1J are 8-noded solid elements with a shell formulation which allows each 
arm of the specimen to be modelled with 1 element only, thus saving computational time. These 
elements could have also been used for the other examples. 
CHAPTER 2. FORMULATION AND IMPLEMENTATION OF A 
DECOHESION ELEMENT 26 
5luiin 
1 
Figure 2.12: Finite element model of the MMIB test and boundary condi- 
tions 
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curves for an 1\INIB specimen 
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analytically by the expression [34] 
87r2Et3 (2.39) P= G11 
9 (1 - v2) 
which neglects both membrane and geometrically nonlinear effects. In Eq. 2.39, 
P is the failure load, E is the Young's modulus, v is the Poisson's ratio, t is the 
thickness of the plate and Gj1 is the mode II fracture toughness. This benchmark 
has been simulated for a simply supported plate with diameter 100 mm , for the 
values E= 600 GPa, v=0.3, t=3 mm and G11c = 0.1 kJ/m2 . These values were 
chosen so that the delamination propagates for a small deflection of the plate, well in 
the domain of application of Eq. 2.39. The minimum decohesion element length was 
0.3 mm .A displacement-rate of 100 mm/s was applied to the appropriate points 
of the model. The plate was modelled using 1-integration point 8-noded thick-shell 
elements, with 2 element across the thickness. The model ran in -- 4 hours (using a 
2.4GHz Pentium IV computer). 
Figs. 2.14(a)-(e) show the propagation of the delamination, with the colour scale 
representing the damage variable, thus identifying the cohesive zone. The fully-failed 
elements are deleted from the analysis. The three different material laws give almost 
coincident results. It can be observed that the circular shape of the delamination is 
also well simulated, even when the mesh is not radial. The load vs. displacement 
curve is shown in Fig. 2.14(f), where it can be observed that the crack propagation 
load from Eq. 2.39 is well predicted. 
2.5 Effect of the constitutive law on numerical 
stability 
The three different decohesion-element constitutive laws implemented in LS-Dyna 
are compared in test cases which are designed to test the limits of their stability. For 
decohesion elements implemented in explicit codes, stability is affected negatively by 
coarse meshes, high maximum tractions in the interface and low fracture toughness 
(because these factors result in fewer elements in the cohesive zone). Discontinuity 
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points in the constitutive law, like those in the bilinear formulation, also affect 
stability negatively, as shock waves are generated when the elements fail; this effect 
is found to be more pronounced at higher load-rates, probably due to the higher 
kinetic energy of the model [351. Increasing the value of the stiffness accentuates 
the discontinuity at delamination onset, and thus also affects stability negatively. 
However, if extremely low values of stiffness are used, the elastic behaviour before 
delamination onset might not be properly captured and interpenetration might result 
in compression. 
One example examining the limits of stability of the three decohesion laws, con- 
sists of a pure mode I DCB test of a carbon-PEEK composite, with material proper- 
ties E= 150 GPa, GI, = 0.7 kJ/m2 and density p= 103Kg/m3. For the maximum 
traction, two values N= 50 MPa and N= 80 MPa are compared. The penalty 
stiffness used is k= kam, = k7eg =1x 105 N/mm3 . The specimen is 25 mm wide 
and 3 mm thick, with a pre-crack length of 33 mm. The length of each decohesion 
element is 0.37 mm , which ensured that about 3-4 decohesion elements were in 
the cohesive zone at any time (Mi et al. [11) found that at least 2 decohesion el- 
ements had to be included in the cohesive zone in order to achieve a reasonably 
smooth solution). A high displacement-rate of 4000 mm/s is applied to the speci- 
men, up to an opening displacement of 8 mm. The test lasted 2ms, with increments 
of 2x 10'5ms. The displacement rate is considered high, in the sense that it 
leads to a high relative-displacement rate in the decohesion elements. This high 
relative-displacement rate results in fewer interpolation points in the interface law 
which, combined with dynamic effects, results in reduced stability. 
Fig. 2.15(a) presents the load vs. displacement curve obtained with the three 
constitutive laws implemented', for a maximum traction N= 50 MPa; and Fig. 
2.15(b) presents the same results for a maximum traction N= 80 MPa. Both figures 
show the analytical curve corresponding to damage propagation, using simple beam 
theory and treating the specimen arm as built-in at the crack tip. 
While all formulations were found to be stable at lower imposed displacement- 
2The two formulations with the bilinear law (Sections 2 and 3) are coincidental, provided that 
the mode ratio does not change during the analysis, as is the case with this example. 
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rates, the bilinear formulation leads to a severe instability once the crack starts 
propagating, for this fast loading. However, the other constitutive laws are able 
to model the smooth and progressive crack propagation. The vibrations observed 
during crack propagation for the linear and for the linear/ polynomial laws are more 
pronounced for higher maximum tractions in the interface. For the bilinear law, 
higher tractions resulted in a more severe instability (bigger crack jump). The crack 
jumps can be observed3 in Fig. 2.15(c) for N= 5OMPa, and Fig. 2.15(d) for 
N= 80MP&. 
2.6 Conclusions 
Three different constitutive laws were implemented within an interface element for- 
mulation, into the standard LS-Dyna [1] explicit dynamic code. The formalism used 
is relatively simple and modular, allowing other constitutive laws to be added easily. 
Initiation criteria (which define the maximum traction in mixed-mode situations), 
and propagation criteria (which define the energy absorbed in mixed-mode situa- 
tions) can also be added taking advantage of the modularity of the implementation. 
When under less favorable numerical conditions (e. g. DCB loaded at 4000mm/s), 
it was observed that the discontinuities existing in the bilinear constitutive law re- 
sulted in instabilities. These were not observed for the 3rd order polynomial or 
linear-polynomial laws. However, all formulations were shown to model appropri- 
ately mode I, mode II and mixed mode I and II quasi-static crack propagation 
problems, at lower loading rates. 
The decohesion element was shown to accurately model a range of static de- 
lamination problems. This element can then be applied to a range of impact and 
crash problems, eventually involving in addition in-plane damage. Other applica- 
tions include modelling compression after impact (CAI) and the propagation of any 
delaminations from the initial impact. However, while parameters such as maximum 
tractions, penalty stiffnesses and mesh refinement used for quasi-static analyses can 
3The crack length in Figs. 2.15(c) and (d) corresponds to the mid-point of the cohesive zone, 
which has a length .:: 1.1mm for any of the curves presented. 
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Figure 2.15: Comparison of the load vs. displacement curves obtained with 
different interface models, for (a) N= 50 MPa and (b) N= 
80 MPa ; and corresponding crack-length vs. displacement for 
(c) N= 50 MPa and (d) N= 80 MPa 
CHAPTER 2. FORMULATION AND IMPLEMENTATION OF A 
DECOHESION ELEMENT 32 
be used for dynamic ones (more refined meshes might be required if the stress 
gradients are more accentuated), the dynamic fracture toughness may need to be 
determined for a more accurate simulation. 
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Centre, Imperial College London, 25th September 2003 
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3.2 Introduction 
The mechanisms that lead to failure in composite materials are not fully understood 
yet. This is especially true for compressive failure, both for the matrix and fibre- 
dominated failure modes. This has become particularly evident after the World 
Wide Failure Exercise (WWFE) [42]. 
In this chapter, physically-based failure models are discussed and proposed for 
each failure mode in laminated fibre-reinforced composites with unidirectional plies, 
at the ply level. 
If composite materials are to be used in structural applications, then the under- 
standing of how each failure mode takes place-i. e. having a physical model for each 
failure mode-becomes an important point of concern. These physical models should 
establish when failure takes place, and also describe the post-failure behaviour. For 
instance, a physical model for matrix compressive failure should predict that failure 
occurs when some stress state is achieved, as well as what orientation the fracture 
plane should have and how much energy the crack formation should dissipate. 
The main failure modes of laminated fibre-reinforced composites are: 
Delamination. Composite materials made of different plies stacked together 
tend to delaminate. The bending stiffness of delaminated panels can be significantly 
reduced, even when no defect is visible on the surface or the free edges. The physics 
of delamination is to a certain degree understood, and one of the best numerical 
tools to predict the propagation of delamination consists on the use of decohesion 
elements. 
Matrix compressive failure. What is commonly referred to as matrix com- 
pressive failure is actually matrix shear failure. Indeed, failure occurs at an angle 
with the loading direction, which is evidence of the shear nature of the failure pro- 
cess. 
Fibre compressive failure. This failure mode is largely affected by the resin 
shear behaviour and imperfections such as the initial fibre misalignment angle and 
voids. Typically, kink bands can be observed at a smaller scale, and are the result 
of fibre micro-buckling, matrix shear failure or fibre failure. 
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Matrix tensile failure. The fracture surface resulting from this failure mode is 
typically normal to the loading direction. Some fibre splitting at the fracture surface 
can usually be observed. 
Fibre tensile failure. This failure mode is typically explosive. It releases large 
amounts of energy, and, in structures that cannot redistribute the load, it typically 
causes catastrophic failure. 
Experimental results from the WWFE [42,431 indicate that the (admittedly 
scarce) data on fibre tensile failure under bi- or multi-axial stress states does not 
seem to invalidate the maximum stress criterion. Thus, this chapter focuses on 
models for compressive failure, which is of great interest in crashworthiness and 
other areas, as well as matrix tensile failure. 
Accurate physically-based criteria are developed and preferred to curve-fitting- 
based criteria. The main limitation associated with curve-fitting-based criteria is 
that their applicability is restricted to the load combinations used in the curve 
fitting from which they originate. However, it is impractical to test every material 
in enough load combinations to define these criteria for every combination of the six 
stress tensor components. 
Matrix compressive failure is addressed with a model based on the Mohr-Coulomb 
criterion. Puck et al. [2,44-461 were the first researchers to propose a matrix failure 
model based on the Mohr-Coulomb criterion. Further developments were later car- 
ried by Davila et al. [4,39] for the LaRC02/03 failure criteria. In this present work, 
an analysis of both Puck [2,46] and LaRC02/03 [4,391 matrix compressive failure 
criteria is performed. For the LaRC02/03 criteria, a correction is proposed for the 
consideration of friction stresses. This leads to more conservative predictions, and 
makes the resulting failure envelope coincide with a simpler criterion that can be 
related to the work from Puck and Schürmann [2,46]. The analysis concludes with 
the proposal of the latter as a matrix failure criterion for a three dimensional (3D) 
stress state. Matrix tensile failure is addressed combining the action or fracture 
plane concept from Puck and Schürmann [2,461 with experimental evidence from 
the WWFE. Also, a failure model for matrix in tension and shear is derived from 
Dvorak and Laws [47] fracture mechanics analyses of cracked plies, as a generaliza- 
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tion of LaRCO3 [39]. 
For fibre failure in compression, it is assumed that kink-band formation results 
from matrix failure, due to small misalignments of the fibres in the composite. Also, 
it is suggested that shear nonlinearity should have a considerable effect on failure and 
2D analyses of fibre kinking over-simplify the treatment of the problem. A formal 
treatment of fibre kinking is presented, that leads to a model for fibre kinking similar 
to the one proposed by Davila et al. [4,391. The main differences are that the model 
presented here accounts for 3D effects, considers a generic nonlinear shear behaviour, 
and uses the matrix failure criteria from this work. 
In this chapter, the index a refers to the fibre direction, the index b refers to 
the in-plane transverse direction and the index c refers to the through-the-thickness 
direction. 
3.3 Literature review 
The need for predicting failure in composites has led to the proposal of several 
failure criteria. These are usually stress-based and expressed as equations or sets 
of equations. There is no unique system of classification for failure criteria. The 
one presented here classifies the failure criteria based. on the approach followed in 
their derivations: non physically-based (or not associated with the failure modes, or 
non-phenomenological) and physically-based (or associated with the failure modes, 
or phenomenological). This classification system has been used before by Echabi et 
al. [48] and Paris [49]. 
Non physically-based failure criteria. These are criteria in which a failure 
envelope is defined by using a mathematical expression, usually a polynomial, which 
predicts failure by interpolating between a few experimental points. No attempt is 
made to predict which failure mode is taking place, and the criterion itself is not 
the result of a physically-based failure model. 
Physically-based failure criteria. These are criteria which result from models 
that, to a smaller or greater detail, aim at describing the physics of the failure 
process. Not only these criteria predict failure, as they give information on the 
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failure mode and sometimes provide further details characterizing the failure process. 
3.3.1 Non physically-based failure criteria 
Most non-phenomenological failure criteria are expressed in the form of polynomials, 
usually of the second order; for plane stress, they can be expressed as 
f =F11Qä+F229b+F667'a2b +2F12c7aab+F10a+F20'b+F6Tab (3.1) 
where the coefficients Fi; and FF depend on the specific criterion and failure takes 
place for f=1. 
For the Tsai-Hill [50] criterion, where the coefficients depend on whether the 
state of stress is tensile or compressive, these are given by 
F =1 X2, Fi = 0, F12 =-1 2X2' 
F22 = 
y2, 
F2 = 0, (3.2) 
1 
F66 =2 and F6 =0 
with 
oQ > O=X =Xt; Qa <O=X =Xc 
ab >0 =Y=Y; ab <O=Y=Yc. (3.3) 
In the previous equation, Xt, XX, Yt and YY are the tensile and compressive strengths, 
in the fibre and transverse directions respectively. In the Tsai-Wu [51] criterion, the 
coefficients are 
1 
F = , 
11 
F, =X -X , xtxc t c 
Fä2 
YY , 
Fz -y-ý , 
(3.4) 
c 
F66 =, 
'S ab 
c 
F6 = 0, 
and the coefficient F12 is given by 
F12 
(3.5) F12 
XtxcYtYc 
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with -1 < F12 <1 obtained by fitting experimental data. For the Hoffman [52) 
criterion, the coefficients are the same, apart from F12 which is given by 
1 
F12 
The non physically-based failure criteria presented are given as an overview only. 
More non physically-based failure criteria can be found in the reviews by Nahas [53] 
or by Paris [49]. 
3.3.2 Physically-based failure criteria 
Physically-based failure criteria distinguish between failure modes. The failure en- 
velopes corresponding to these criteria are therefore not always smooth, and the 
vertices correspond usually to a change in the failure mode. Hashin and Rotem 
[54] are usually credited to have established that the heterogenous nature of fibre 
reinforced composite materials means that failure is due to the failure of the dif- 
ferent constituents (or their interfaces), and failure criteria should therefore predict 
failure of each constituent separately. Hence failure criteria should be composed 
of several expressions for the different failure modes. In fact, Puck's model, which 
also distinguishes between failure modes, is originally from 1969 [44,45] (although 
published in German, in a journal that is "not known to the search engines" [2]), 
and therefore older than the Hashin-Rotem criterion from 1973 [54]. In any case, 
Hashin and Rotem's work in 1973 [54] and later Hashin's work in 1980 [55] have 
inspired considerable research in failure-mode oriented criteria. 
The maximum strain and the maximum stress failure criteria are among the 
simplest physically-based failure criteria. In the maximum strain failure criterion, 
failure is predicted whenever the failure strain for uniaxial tests is attained, either 
in the axial or transverse directions, or in shear: 
= max 
L6a ICýbl) (3.6) 
with 
EQ i D=* Eä=Eät, Ea<0=Eä=Eä 
Eb %0 => -'b°=Ebt, Eb<O=> Ey°=E6 (3.7) 
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where e, Eo , ebt and eb are the tensile and compressive strains at 
failure, in the a 
and b directions respectively. 
The maximum stress failure criterion is similar to the maximum strain, but 
replacing strains with stressest 
f =max(lal 
Intl IEQ_I) (3.8) 
X' y Sab 
with 
Qo, > OýX=Xt, oa<O=ý, X=Xc 
vb >0 =Y=Y; Ub<Oý* Y=Yc. (3.9) 
In the already mentioned Hashin and Rotem's work [54], fibre failure is predicted 
by 
and matrix failure by 
ora 
Un i0 Xt (3.10) ff = aQ 
X 4oa<0 
z ()2 
fmat = 
ýb()2() 
2 
ý3.11ý 
Hashin [55] later modified the expressions for fibre and matrix failure, the result 
being the Hashin criteria. Fibre failure is predicted by 
(-)2+ L. b 
4Qa>0 
ff Xt Sab (3.12) 
Ora 
c 
and matrix failure by 
(as) 
2+ 
\'sa6 /2 
`#= ýb JO 
(ott 
f mat mat = 2+ Yc 
- 1l 
ab 
-E- 
(Dab) 2 
v6 <0 ZST 
L \2ST/ J Yc \Sa6/ 
where ST is the transverse shear strength. 
Since the Hashin-Rotem criteria have been published, several other failure-mode 
oriented criteria have been proposed. In particular, Yamada and Sun [56] proposed 
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a criterion for the fibre breaking mode which included in-situ effects on the in-plane 
shear strength. This criterion was then used to predict the same failure mode in 
the Chang and Chang criteria [57-59], which has since been implemented in Ls- 
Dyna [1]. Christensen [60] proposed criteria for fibre and matrix dominated failure 
modes, which included the effect of hydrostatic pressure. Puck's model and criteria 
[44,45,61], were made available in English only recently, as a result of a project in 
Germany for the development of failure criteria for composites [62,63]. Hart-Smith 
[64,65] presented and developed criteria for fibrous composites based on a maximum 
shear stress criterion with a number of associated cutoff rules. 
More recently, the WWFE (66] was conducted to assess the real predicting ca- 
pability of the currently available failure criteria. Leading researchers in failure of 
composites were invited to participate in a round-robin in which they presented their 
approaches and predictions. 
In the exercise, Hart-Smith [67-69] presented the original version of the max- 
imum strain criterion, as well as a truncated form and a generalized form of the 
criterion. Gotsis et al. [70,71] used the maximum stress criterion, superposed with 
a modified distortion energy (quadratic polynomial) criterion. McCartney [72,731 
applied the principles of mechanics at the microstructural level to predict damage 
formation. Rotem [74,751 used the Hashin-Rotem criterion originally published in 
1973 [54], but with the matrix failure criterion modified in order to account for 
axial stresses. Surprisingly, Sun and Tao [76,771 used the Hashin-Rotem criterion 
[54], even though Sun had proposed previously [78] a criterion for matrix crack- 
ing that is acknowledged to represent better the matrix failure mode [4]. However, 
their predictions were overall particularly good. Liu and Tsai [79] used the Tsai-Wu 
[51] failure criterion. Wolfe and Butalia [80,81] used a strain-energy based failure 
criterion, containing a sum on exponents of the longitudinal,. transverse and shear 
strain energies. Edge [82,83] used a phenomenological approach based on the stress 
interaction within each failure mode, with some similarities to the maximum stress, 
the Hashin-Rotem [54] and Hashin [55] criteria. Zinoviev [84,851 used the simple 
maximum stress criterion, together with an also simple post failure-onset model, 
obtaining particularly good results. Puck and Schürmann [2,461 were perhaps the 
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authors who achieved better agreement between their predictions and the experi- 
ments. Their criterion is phenomenological, as different failure modes are considered 
and is characterized by a sound physical basis. Arguably, their model for matrix 
compressive failure possesses the most sound physical basis of the theories proposed 
in the exercise. In Part C of the exercise, Huang [86,87] and Mayes and Hansen 
[88,89] used two different micromechanics-based approaches. Bogetti et al. em- 
ployed the maximum strain criteria in a progressive failure analysis, obtaining par- 
ticularly good results, as well as Cuntze and Freund [90,911 (with a model similar 
to Puck's [2,46]). 
Several lessons can be learned from the WWFE. Firstly, most criteria were un- 
able to capture some of the trends in the failure envelopes of the experimental 
results. Secondly, on what concerns phenomenological failure criteria, most expres- 
sions proposed to predict each failure mode are still to some extent empirical. It 
is somewhat difficult to choose between the criteria due to the lack of experimental 
data needed to validate them against each other. Despite several efforts to de- 
velop sound phenomenological criteria, non-phenomenological criteria like Tsai-Wu 
[51] are often better prediction tools than some phenomenological criteria [79]. Al- 
though test results are not provided in the WWFE for several stress combinations 
that remain open for discussion, significant progress was made. From the limited 
predictive capabilities of the most accurate analyses available, it is clear that further 
developments in failure model theories and criteria are required before any analysis 
approach can be used with confidence to predict the strength of a typical aerospace 
composite component. 
3.4 Fibre tensile failure 
For fibre tensile failure, it is somewhat difficult to argue whether stresses other 
than oa contribute to promote failure and have any influence on the strength. For 
instance, Soden et al. [43] obtained experimental data to define the (Qa, Tab) failure 
envelope of carbon fibre reinforced composite, and the (aa, ab) failure envelope of 
glass fibre reinforced composite. From their results, it does not seem possible to 
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draw sound conclusions on how the different stress components interact to promote 
failure. Therefore the maximum stress failure criterion is used: 
La 
l fft=Xt=1.3.14 
3.5 Matrix compressive failure 
3.5.1 Mohr-Coulomb based criteria 
The orientation of the fracture surface of specimens failing by matrix compression 
suggests that the Mohr-Coulomb criterion is applicable to matrix compressive failure 
[2,44-461. Matrix compression specimens fail by shear. For a pure compression 
loading, this fact suggests that the angle of the fracture surface with the through- 
the-thickness direction should be &° = 45°, i. e. fracture should occur in the plane 
of the maximum shear stresses. However, it is experimentally seen that the angle is 
generally ¢o = 53 ± 2° for most technical composite materials [2,46], Fig. 3.1(a). 
This can be explained through the existence of a compressive stress acting on the 
potential fracture surfaces, and an associated friction stress. 
The designation `friction stress' is here used, as it was by previous authors [2,46], 
even though there is no interface before fracture. At the micro-mechanical level, the 
effective macro-mechanical friction stress can be explained, at least partially, as 
resulting from the `true' friction stress acting in the micro-cracks in the matrix 
before failure. 
For a general loading situation, Fig. 3.1(b), the angle of the fracture plane with 
the through-the-thickness direction, denoted as ¢, might assume a different value 
than the one for pure compression (q 0). The particular orientation of the fracture 
plane depends on the particular combination of shear (TT and TL) and normal (vri) 
traction components for each particular value of ¢, Fig. 3.1(c). 
In a 3D formulation, the traction components are obtained from the components 
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Figure 3.1: (a) Pure transverse compressive failure, for it CFRP specimen; 
(b) fracture plane for a 3D stress state; (c) traction compo- 
nents in the fracture plane; (d) geometrical representation of 
the Mohr-Coulomb criterion 
of the stress tensor and the fracture plane angle 0 as 
QG + Qc Qb - Qc 
Q, ý =2+2 cos 
(20) + Tbc sin (2d)) 
TT=- 
011' 
2 
(T` 
sin (20) + 7-b cos (20) (3.15) 
TL = Tab COS (5) + Tea Sill (0) . 
The 'Mohr-Coulomb failure criterion is expressed in terms of the coin ponents of 
the traction vector in the fracture plane, and can be written in several forms. Con- 
sidering first the case where rL = 0, the Mohr-Coulomb criterion can be expressed 
as 
TTI + EITUn = ST (U71 < 0) (3.16) 
where µT is a friction coefficient and ST is the fracture plane fracture resistance 
against its fracture by transverse shear'. For simplicity, ST is not considered to 
depend on ¢, and will be designated as transverse shear strength. For a more 
detailed explanation on the difference between fracture plane fracture resistance and 
strength, see Ref. [2]. The geometrical representation of this criterion in a (o,, 17-I) 
'The fracture plane resistance of a potential fracture plane parallel to the fibres is the resistance 
of this plane against its fracture due to a single stressing acting in this plane [. 16]. 
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space is a line with negative slope (-PT), shown in Fig. 3.1(d). In this figure, the 
Mohr-Coulomb criterion's line is tangential to the Mohr circle corresponding to the 
case of failure by pure compression. The slope of the Mohr-Coulomb criterion's line 
can be related to the angle of the fracture plane in pure compression, ¢o, through 
tan(2q50) 
1 (3.17) 
Furthermore, writing Eq. 3.16 for a pure compression case establishes the relation 
between ST, YY and ¢o [61]: 
_ 
Yr 
ST 
2 tan (q5o) 
(3.18) 
The angle 0o can be easily determined from simple compression tests, Fig. 3.1(a), 
and allows the determination of PT and ST by using Eqs. 3.17 and 3.18. 
The Mohr-Coulomb criterion (Eq. 3.16) can be expressed in several forms, 
namely considering that friction affects (increases) the strength, or that it affects 
(decreases) the applied stress. Probably motivated by those two different forms 
of expressing the same criterion for TL = 0, Puck and Schürmann [2,461 initially 
proposed for the general case (TL 54 0) 
fmc =\( 
TT ( TL 
2 
(3.19) 
ST - pTQn)2+ \SL - l-LLQn/ 
whereas Davila et al. proposed first for the LaRCO2 [4] failure criteria and subse- 
quently for the LaRCO3 [39] failure criteria 
fmc = 
(`I TT I ST TQn) 
)2+ 01711 
SL 
LQn) 
2 
3.20) 
where SL is the longitudinal shear strength (for simplicity, SL is considered not 
to depend on ¢) and the operator (") is the Mc-Cauley bracket defined by (x) = 
max {O, x} ,xER. 
Clearly, Puck and Schürmann (Eq. 3.19) consider that the 
compression stress (ten) increases the effective strength, while Davila et al. (Eq. 
3.20) consider that the compression stress reduces the effective shear stress. Puck 
and Schürmann [2,46] finally choose to use the following equation, arguing that it 
fits the experimental data better: 
(TT) 2 (TL)2 
fmc 
ST - 2ATSTQn 
+ 
Sý - 2ýILSLan 
1.3.21 
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Table 3.1: Mechanical properties for an E-glass/DY063 epoxy used in the 
WWFE [661, given by Soden et al. [43,921 
(°) Gab (GPa) Sab (MPa) X. (MPa) Yc (MPa) 0. 
5.83 73 800 145 53 
For the friction coefficient µL in Eqs. 3.19,3.20 and 3.21, Puck and Schürmann [2) 
proposed to use the following equation 
AL AT 
SL ST 
(3.22) 
in the absence of biaxial experimental data. This suggestion has later been consid- 
ered by Davila et al. for the LaRC02/03 criteria [4,39]. 
3.5.2 Comparison and improvements 
The comparison of the criteria expressed in Eqs. 3.19,3.20 and 3.21 is shown in 
Fig. 3.2 for a material with the properties presented in Table 3.1. In Fig. 3.2, 
the fracture angle for each point in each curve was determined by trying several 
tentative angles, as explained later in this subsection. 
While the initial and final Puck criteria (Eqs. 3.19 and 3.21) yield similar results, 
LaRC02/03 criterion (Eq. 3.20) is less conservative. This is related to the fact that 
the effect of friction is over-estimated in Eq. 3.20. Indeed, affecting the shear 
traction components by a friction term as in Eq. 3.20 over-estimates the friction 
forces whenever both rT and TL are acting simultaneously. As Fig. 3.3(a) represents, 
supposing a very simple case with isotropic friction (µT = ILL), the friction stresses 
are over-estimated by a factor of when using Eq. 3.20. 
It is interesting to notice the effect that an orthotropic friction model has on 
LaRC02/03 criterion (Eq. 3.20). A reasonable model for orthotropic friction is 
Tfric. AT 0T 
fric. 
= Un T COS 
(0) 
= an T ... 
T (3.23) 
TLnc. 0 %IL 2 
Ir 
?. 
uric. 
= QnPL Sin (0) 
where 0 is the angle formed by the shear component of the traction vector, r, and 
the transverse direction in the fracture plane, i. e., 0= arctan (TL/TT). Curiously, 
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Sun (Eq. 3.25) 
(final formulation, 40 
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Figure 3.2: Failure envelopes for transverse compression and in-plane shear 
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Figure 3.3: (a) Overestimation of the friction stress; (b) model that does 
not overestimate the friction stresses 
CHAPTER 3. FORMULATION OF FAILURE MODELS AND CRITERIA 47 
modifying LaRC02/03 criterion (Eq. 3.20) to account for this more representative 
friction stress, i. e., using 
fmc= 
(ITTI +PTQnCOS(e")2+ ((ITL I'+'PLQnSif(0))l 2=1 
(3.24) C ST J SL J 
as a failure criterion yields an envelope that is coincident with Puck's initial criterion 
(Eq. 3.19), see Fig. 3.2. 
Also shown in Fig. 3.2 is the much simpler Sun et al. [78] criterion, 
ý6 ()2( Tab 
=L 3.25 fmC SL - ILL7b/ 
which exhibits the correct trend. 
The use of one of Eqs. 3.19,3.20,3.21, and 3.24 for the failure criterion implies 
the use of the set of Eqs. 3.15 for the transformation of stresses. In turn, this means 
that the fracture angle has to be known. Puck and Schürmann [2] have performed 
an analytical deduction for Eq. 3.21 in a plane stress state, but it is much more 
complex to do so for Eqs. 3.19,3.20 and 3.24 for 3D stress states. However, Davila et 
al. [4] have shown that it is possible to draw the envelope with reasonable accuracy 
by using a very small number of trial angles, as shown in Fig. 3.4, drawn using the 
data from Table 3.1 and Puck's initial criterion (Eq. 3.19). The latter approach is 
followed in this work. 
3.5.3 Selection of a matrix compressive failure criterion 
The criterion expressed by Eq. 3.21 is a modified version of the one expressed by 
Eq. 3.19 and the failure envelopes for the criteria are almost identical, as shown in 
Fig. 3.2. An advantage of the former over the latter consists on the possibility of 
calculating the fracture angle ¢ for each load situation-in plane stress. For a 3D 
situation, the advantage does not exist, but the modification introduced means Eq. 
3.21 does not correctly represent the Mohr-Coulomb criterion. Therefore, for 3D 
applications, Eq. 3.19 is preferred over Eq. 3.21. 
As discussed, Eq. 3.20 over-estimates the friction stresses. Correcting this results 
in Eq. 3.24, which correctly applies the Mohr-Coulomb criterion, assuming that the 
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Figure 3.4: Failure envelope for Puck's initial matrix failure criterion ( Eq. 
3.19), and several values for the angle of the fracture plane, q>, 
based on Ref. [4] 
compression reduces the shear stresses. Assuming instead t hat compression increases 
the strength results in Eq. 3.19. Both Eqs. 3.19 and 3.241 are physically sound. 
Finally, since Eqs. 3.19 and 3.24 yield similar results, but, the former is simpler, 
Eq. 3.19 is selected as the matrix compressive failure criterion (i. e. for or,, < 0) in 
this work. This equation has also been chosen as the LaRCOt1 matrix compression 
failure criterion [. 10]. 
3.6 Matrix tensile failure 
3.6.1 Without in-situ effects 
It can be concluded from the \V\VFE's experimental results [43], that, a quadratic 
interaction between the transverse stress ab and the in-plane shear stress T, ,b 
appropriately the (ab, Tab) failure envelope, for the matrix tensile failure 
mode. Davila et al. [4] used this interaction criterion for the LaR. CO2 failure criteria. 
However, for the (a0, Trab) failure envelope, the fracture plane is always parallel to 
r. " .. 15° f 80 
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the (a, c) plane. 
For a generic stress state, the matrix tensile fracture plane does not coincide 
necessarily with the (a, c) plane. Therefore, it seems reasonable to recast the traction 
components expressed in the potential fracture planes-as expressed in Eq. 3.15- 
and apply a quadratic interaction as follows: 
()2+ 
fn`t 
()2 
+ 
()2 
= 1. (3.26) 
The criterion applies for a,, > 0, and Y is the in-plane transverse tensile strength. 
3.6.2 With in-situ effects 
3.6.2.1 In-situ effect 
The in-situ effect, originally detected in Parvizi's tensile tests of cross-ply glass fi- 
bre reinforced plastics [93], is characterized by higher transverse tensile and shear 
strengths of a ply when it is constrained by plies with different fibre orientations in 
a laminate, when compared to the strength of the same ply in a unidirectional lam- 
inate. The in-situ strength also depends on the number of plies clustered together, 
and on the fibre orientation of the constraining plies. 
The orientation of the constraining plies and the number of plies clustered to- 
gether also affect the crack density and the stiffness reduction of the cracked ply. 
Wang's [94] tests of (0/90,, /0) (n = 1,2,3,4) carbon/epoxy laminates have shown 
higher crack densities for thinner 90° layers. The reduction of the elastic properties 
of a cracked ply is normally predicted using elastic analyses of cracked plies [95,96] 
or Continuum Damage Models [97-100]. 
The in-situ effect is illustrated in Fig. 3.5, where the relation between the in-situ 
transverse tensile strength and the total thickness of the 90° plies clustered together 
is represented. 
Accurate in-situ strengths are necessary for any stress-based failure criterion for 
matrix cracking in constrained plies. Both experimental [57,94,1011 and analytical 
methods [47,96,102] have been proposed to determine the in-situ strengths. In the 
following, the in-situ strengths are calculated using fracture mechanics solutions for 
the propagation of cracks in a constrained ply. 
\: ý! ý. 
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Figure 3.5: Transverse tensile strength as a function of number of plies clus- 
tered together, with models from Dvorak [47] based on experi- 
mental data from Wang [94]; figure from Ref. [40] 
3.6.2.2 Fracture mechanics analysis of a cracked ply 
The failure criterion for predicting matrix cracking in a ply subjected to in-plane 
shear and transverse tension proposed here is based on the fracture mechanics anal- 
ysis of a slit crack in a ply, as proposed by Dvorak and Laws [47]. The slit crack 
represents a manufacturing defect that is idealized as lying on the (a, c) plane, as 
represented in Fig. 3.6 for a thick embedded ply. It has a length 2a0 across the 
thickness of a ply, t. Physically, this crack represents a distribution of matrix-fibre 
debonds that may be present in a ply as a consequence of manufacturing defects 
or from residual thermal stresses resulting from the different coefficients of thermal 
expansion of the fibres and of the matrix. Therefore, the slit crack is an `effective 
crack, ' representing the macroscopic effect of matrix-fibre debonds that occur at the 
micromechanical level [94]. 
The transverse tensile stress ab is associated with mode I loading, whereas the 
in-plane and transverse shear stresses Tab and Tbc respectively are associated with 
mode II loading. The crack represented in Fig. 3.6 can grow in the a (longitudinal, 
L) direction, in the c (transverse, T) direction, or in both directions. 
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Figure 3.6: Slit crack geometry after Dvorak 147], frmii Ref'. 1.10 
The components of the energy release rate f Or the (rack gcu11I(ti. v' rcpr( rented in 
Fig. 3.6 were determined by Dvorak and Laws (47] for it linear ortliot. i is material, 
and an extension of their analysis for nonlinear shear helºavioººr is presented in 
Appendix C. For mixed-eiode loading, the energy release rate fror crack growth in 
the T and L directions, (IT and GL, respectively, are given by 
T Ira 20220l2 G=2[, 11 b2o, 72 + 1IinLc Tn +'IriX ('Yap, )] (3.27) 
L_ na, aA o(72 zaz1 A' 
where Ab, Ab, and X (ryüh) are given in Appendix C. It can be observed that, the energy 
release rate G'' for longitudinal propagation is a function of the transverse slit, size 
and that it is not a function of the slit length in the longitudinal direction. The 
parameters ij, i=1, II, III in Eq. 3.27 are stress iiitentiity reduction coeflicielit's 
for propagation in the transverse direction, and the parameters ý,, i-1,11, III are 
reduction coefficients for propagation in the longitudinal direction. These coefficient's 
account for the constraining effects of the adjoining layers on crack propagation: the 
coefficients are nearly equal to 1.0 when 2n,, ( t, and are less than LO whei) (it) ýzt it. 
Experimental results [101] have shown an increase in the in-sit. u transverse tensile 
strength of [+0/90, ß]s, 
0= 0°, 30°, 60° laminates for increasing stiffness of iudjoinimig 
sublaminates +0. This implies that the value of the parameter i,; (Iecreaa. ses wit h 
increasing stiffness of adjoining sublaminates. Considering that, a transverse crack 
can promote delanlination between the plies, Dvorak and Laws 1171 suggested that, 
the effective value of rho can be larger than obtained fron the analysis of cracks 
terminating at, the interface, and suggested the use of 11i = ýj = 1. 
The mode II and III components of the energy release rate are combined in a 
shear mode, Gshear., as Gshear = Gii+Gt1,. Such an approach was initially proposed 
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by Li and Sen [103] and Li [104], and used in the simulation of delamination using 
the Virtual Crack Closure Technique (VCCT) and decohesion finite elements [10]. In 
fact, no conclusive evidence is available showing that GI1c and G»l, ' are different and 
there is no etandard for measuring GIIIc and there is no mixed-mode test method 
for mixed mode II and mode III loading. In the following, the notation Gil and 
G11e will be used for simplicity, when referring to Gahea, and Gs,. 
The components of the energy release rate for a thick embedded ply are then 
obtained for the T-direction using Eq. 3.27 with 771 = 1: 
GI =° A6Qb (3.28) 
7ra GII = 2ý 
[Ab*Tbc +X (IYab)] 
" 
(3.29) 
The corresponding components of the fracture toughness are given as 
Gi = 2nä (Y9)2 (3.30) 
T iraa u CIIc =2X 
(ýYa6iia) (3.31) 
where Y; is the in-situ transverse tensile strength, and ry b, i, is the in-situ in-plane 
shear ultimate strain. 
For propagation in the longitudinal direction, the mode I and mode II compo- 
nents of the energy release rate are 
Gi = 4,, näo'e (3.32) 
GI i=4! [A6crbc +X ('tab)] (3.33) 
and the components of the fracture toughness are 
GL 7ra = 4Ab (Y8)2 (3.34) 
CT Ic =40X 
('Yabiis) 
" 
(3.35) 
Having obtained expressions for the components of the energy release rate and 
fracture toughness, a failure criterion can be applied to predict the propagation of 
the slit crack represented in Fig. 3.6. Under the presence of in-plane and transverse 
shear, as well as transverse tension, the critical energy release rate G, depends 
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on the combined effect of all microscopic energy absorbing mechanisms such as 
the creation of new fracture surfaces. Relying on microscopic examinations of the 
fracture surface, Hahn [105) observed that the fracture surface topography strongly 
depends on the type of loading. With increasing proportion of the stress intensity 
factor KII, more hackles are observed in the matrix, thereby indicating more energy 
absorption associated with crack extension. Hahn proposed a mixed-mode criterion 
written as a first-order polynomial in the stress intensity factors KI and KII. Written 
in terms of the mode I and mode II energy release rates, the Hahn criterion is 
(1 - g) 
Gr 
+g 
Gr 
+ 
Grr 
= 1, i =TL L (3.36) G'rC Gig Grrc 
where the material constant g is defined from Eqs. 3.30 and 3.31 or 3.34 and 3.35 
as g= Gr, /Gjt, which leads to the following expression for g: 
9_ 
Ab' 
i") 
2 
u\ X 7nbiis) 
(3.37) 
In the following sub-sections, it will be shown that in situations where the slit crack 
propagates first in the transverse direction (like for UD and thick embedded plies), 
the in-situ strengths and thus also g can be obtained as a function of known UD 
strengths. However, for situations where microcracks propagate first in the longitu- 
dinal direction (like for thin embedded plies and outer plies), the in-situ strengths 
and g have to be obtained as a function of GI and GIic, in which case the interlam- 
inar fracture toughness values are recommended to be used as an approximation. 
A failure index for matrix tension can be expressed in terms of the ply stresses 
and in-situ strengths by substituting either Eqs. 3.28-3.31 or 3.32-3.35 into the 
criterion in Eq. 3.36 to get 
Q6 ab 
2A 
rc+X(l'ab) 
_ fmt=(1-g) t+g( 
1+u 
_1. (3.38) ii \Ys/ X 
('Yabiis) 
The criterion presented in Eq. 3.38, with linear and quadratic terms in Qb, a 
quadratic term in Tbc and a term on the in-plane shear internal energy, X (ryab), is 
similar to the criteria proposed by Hahn [105] and Liu [79] (for transverse tension 
and in-plane shear). It can be observed that using g=1 in Eq. 3.36 results in the 
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linear version of the criterion proposed by Wu and Reuter [106] for the propagation 
of delamination in laminated composites 
GI Gil 
+=1. (3.39) Gr, rr'r 
Furthermore, using g=1, assuming linear in-plane shear, and neglecting Tb,, Eq. 
3.38 reverts to the well-known Hashin-Rotem criterion [54] for transverse matrix 
cracking under both in-plane shear and transverse tension, where the ply strengths 
are replaced by the in-situ strengths 
2 lmiýt 
-i-ýTLJ =1. (3.40) 
(3) 
sis 
Finally, the nonlinear term in Eq. 3.38 is also found to be similar to the strain- 
energy based criterion proposed by Sandhu [107], later used by Chang and Scott 
[108]. 
3.6.2.3 Application to unidirectional laminates 
The application of the fracture mechanics analysis of a cracked ply to unidirectional 
laminates yields expressions relating toughness values to crack dimensions which 
can subsequently be used to relate the strength of thick embedded plies to that of 
a unidirectional laminate. 
Dvorak and Laws [47] regarded the fracture of a unidirectional specimen as the 
fracture of an unconstrained thick ply, with the critical initial slit crack located at 
the surface of the laminate. For tensile loading, the crack can be located at the 
edge of the laminate, which increases the energy release rate when compared with a 
central crack. In the case of shear loading, there is no free edge effect, so the crack 
is a central crack, as shown in Fig. 3.7. The defect size is 2a0 and is considered to 
be much smaller than the ply thickness, 2a0 « t. 
For unidirectional laminates, the crack will grow unstably in the transverse di- 
rection [47], and Eqs. 3.30,3.31,3.34 and 3.35 apply with a geometric factor which 
is obtained from the classic solution of the free edge crack [39,109), resulting in 
GI = 1.1227ra0Ab (yt)2 (3.41) 
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Figure 3.7: Unidirectional specimen with initial crack after Dvorak [47], fig- 
ure from Ref. [ 40] 
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tension and shear loads, from Ref. [101 
Gnu L) (3.42) 
where Y' is the transverse tensile strength and -yah is the. in-plane shear strain at 
failure, for a unidirectional laminate. 
The toughness ratio g can also be calculated in terms of the unidirectional prop- 
erties by using Eqs. 3.41 and 3.42, resulting in 
A,, ' (1, )2 g==1.122 ri (3.43) Cil, X ('late) 
Eq. 3.43 is valid for all situations where the slit crack propapt, cs first, in 11w trans- 
verse direction. 
3.6.2.4 In-situ strength of thick embedded plies 
A thick ply is defined as one in which the length of the slit, crack is much siiialler 
than the ply thickness, 2a0 < I, as illustrated in Fig. 3.8. The nºiniºnum thickness 
for a thick ply depends on the material used. For E-glass/epoxy and c"aºrbon/epoxy 
laminates, Dvorak and Laws [47] calculated the transition thickness between x thin 
and a thick ply to be approximately 0.7mºn, or about 5 to 6 plies. 
For the geometry represented in Fig. 3.8, the crack can grow in the transverse or 
in the longitudinal direction. Comparing Ecjs. 3.28 and 3.29 to E<ls. 3.32 and 3.33, 
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however, indicates that the energy release rate for the crack slit is twice as large in 
the transverse direction as it is in the longitudinal direction. Since Eqs. 3.28 and 
3.29 also indicate that the energy release rate is proportional to the crack length, 
the crack will grow unstably in the transverse direction. Once the crack reaches the 
constraining plies, it can propagate in the longitudinal direction, as well as induce 
a delamination. 
Crack propagation is predicted using Eq. 3.38, and the in-situ strengths can be 
calculated from the corresponding fracture toughness, as expressed in Eqs. 3.30 and 
3.31. For mode I, the in-situ transverse tensile strength is defined from Eq. 3.30 as 
Y; t= 
2G TÖ (3.44) 
ýaoAb 
and, taking into account Eq. 3.41, 
Y, "; = 1.12fYt. (3.45) 
For a thick embedded ply loaded in pure in-plane shear, the expressions get more 
complex due to shear nonlinearity. The in-situ in-plane ultimate strain is obtained 
as 
7nbiis = X-1 
(2G 
0, 
'\ 
(3.46 
TI 
and, taking into account Eq. 3.42, 
7 bpi, =X' [2X (7 e)] " 
(3.47) 
For the definition of g for thick embedded plies, replacing Eqs. 3.45 and 3.47 in Eq. 
3.37 results in Eq. 3.43. 
Considering the constitutive law for the shear behaviour to be expressed by the 
function fCL such that 
T- fCL(Y)i 
then the in-situ in-plane shear strength is defined as 
(3.48) 
Sie - fCL 
('Yabiis) 
" (3.49) 
As a particular case of nonlinear in-plane shear behaviour, consider the polynomial 
relation between the shear strain and the shear stress proposed by Hahn and Tsai 
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[110], 
1 
'Yab = Qab + 30'ab. (3.50) 
Gab 
With the nonlinear shear law expressed in Eq. 3.50, Eq. 3.46 reverts to 
L2 
Gijc _ 7rao 2G) + 48 
(S')4 (3.51) 
a 
and Eq. 3.42 can be written as 
. 
(3.52) T 
(SLý 3 
Grtc = 27rad 2Gab 
+ 
4ß 
(SL)4 
Equating Eqs. 3.51 and 3.52, the in-situ shear strength of a thick embedded ply, 
S, can be related to the shear strength of a unidirectional laminate: 
(SL)2 
+ 
3a (s")4 _ 
(s s)2 
+ 
3Q (S s)4 (3.53) 
Gab 2 2Gnb 4 
The in-situ shear strength of a thick embedded ply, S 9, is the positive, real root of 
Eq. 3.53: 
1 +, 6 
(12(SL)2 
ä+ 
180 (SL)4) (Gab)2 -1 
Ss= 
3QGab 
(3.54) 
It can be observed from Eqs. 3.45 and 3.54 that the in-situ strengths of thick 
embedded plies-Y, ";, and S -are independent of the ply thickness, as has been 
observed by Dvorak and Laws [47] and Leguillon [111], and as was shown in Fig. 
3.5. The general expression for S8 in Eq. 3.54 can be written for a linear material 
by letting ,8 tend to zero, 
in which case the in-situ in-plane shear strength comes as 
S_ N/"2-SL for a linear shear law. (3.55) 
Eq. 3.55 is equal to the one obtained by Dvorak and Laws [47) and Davila et al. 
[39] for a linear shear behaviour. 
3.6.2.5 In-situ strengths of thin embedded plies 
Thin plies are defined as having a thickness smaller than the typical defect, t< 2a0, 
so the slit crack represented in Fig. 3.6 extends across the entire thickness t of the 
ply, as represented in Fig. 3.9. 
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Figure 3.9: Geometry of slit crack in a thin emi) tided ply, from Ref. [ 111] 
In the case of thin plies, crack defects can only grow in the longitudinal (L) 
direction, or trigger a delamination between the plies. The in-situ strengths can be 
calculated from the components of the fracture toughness, as expressed in Eqs. 3.34 
and 3.35. For transverse tensile loading, the corresponding strength is expressed as 
ßCL 
}i; = 
Ic (3.56) 
7f Ab 
For a thin embedded ply loaded in pure in-plane shear, the ultimate in-plane shear 
strain is defined as 
L 
, 'aGiis =X-1 
3G11ýý (3.57) ry 
7f 1 
and the in-situ in-plane shear strength is defined as 
SL f CL 
u1 (3.58) 
is = JCL 'iabiis/ 
Considering again Eq. 3.50 as a particular case of nonlinear in-plane shear behaviour, 
Eq. 3.57 can be written as 
z (Sti) 3, a CI 'l, 
8Gf b 16 Tt. 
(3.59) 
The in-situ shear strength of a thin ply, SL, is the positive real rot, of Eq. 3.59: 
1+j j18GLLI, (Gab)2 -1 
S 
ZL., = 
7t (3.60) 
3 Gnu, 
It can be observed from Eqs. 3.56 and 3.60 that the in-situ strengths are dependent 
on the thickness t. 
Eq. 3.60 can be written for a linear material by letting /, 3 tend to zero, in which 
case the shear strength come as 
L 
SL 
8GaUGttc 
for a liner shear law. (3.61) 
7t 
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Figure 3.10: Gcoiuetry of slit crack in it t lein outer piv, from Ref. 110] 
Eq. 3.61 is equal to the one obtained by Dvorak and Laws [47] and Davila et a]. 
[39] for a linear shear behaviour. 
If in the absence of specific data, the toughness values Cl, and CSI/r cýln 
assumed to have the values measured by standard Fracture Mechanics tests, such as 
the DCB for mode I and the ENF test for mode II. For the definition of g for thin 
embedded plies, the same values can be used to define g as Grp/Cj1 . 
Using Eq. 
3.56, Dvorak and Laws [47] obtained a good correlation between the predicted and 
experimentally obtained in-situ tensile strengths of both thick and thin 90° plies in 
[0/901, /0] laminates, as was shown in Fig. 3.5. 
3.6.2.6 In-situ strengths of thin outer plies 
Outer plies are taken as a special case of thin plies, as represented in Fig. 3.10. 
Following the procedure presented for a UD laminate, it is ("ulisidered that the stress 
intensity factor of an outer ply is larger than the stress intensity factor of it tliini 
embedded ply. The relation between the stress intensity factors are given by classical 
fracture mechanics solutions for free-edge cracks. In the case of thin outer plies, crack 
defects can only grow in the longitudinal (L) direction, or trigger it delaniination 
between the plies. The in-situ strengths of thin outer plies were calculated from 
the components of the fracture toughness for a linear shear behaviour [41]. For it 
nonlinear shear response, 
L tý 
(3.62) Yi =. 9 
and 
71 
rt 
As for thin embedded plies, if in the absence of specific data, the toughness 
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values GI and GIIC can be assumed to be similar to the corresponding interlaminar 
fracture toughness and used to define g as GIclGllc. 
3.7 Fibre-kinking failure 
3.7.1 Literature review 
Fibre compressive failure is a field where significant research is still being performed. 
For matrix compressive failure, a relatively simple mechanical model as the one 
proposed by Puck and Schürmann [2,44-46] seems to correctly represent failure, and 
can be easily expressed as a failure criterion that can be incorporated in numerical 
codes. However, the mechanics of the failure mode involving fibre compression is 
more complex. Depending on the material, different fibre compressive failure modes 
are possible [112]: 
Microbuckling. This failure mode consists of the microbuckling of the fibres in 
the elastic matrix. The first mechanical model for this failure mode can be tracked 
back to Rosen's work [113] where the fibres are represented by infinite beams2 in an 
elastic matrix and failure is attained when the compressive load equals the buckling 
load. This model provides an upper bound for the failure stress, as it generally 
predicts a failure stress typically two to three times larger than the experimental 
one (for carbon reinforced composites [112]). Models based on microbuckling have 
been widely studied over the last decades. For these models, the matrix shear 
properties as well as material imperfections play an important role. 
Kinking. Kinking can be defined as the localized shear deformation of the 
matrix, along a band. Typically, the fibres break at the edges of the band, and 
sometimes also in the interior. It should be noted that some authors consider kinking 
as a consequence of microbuckling, while others consider it as a separate failure 
mode [112]. Argon [3] was the first researcher to develop a mechanical model for 
fibre kinking as a separate failure mode. For Argon, failure is the result of matrix 
'In fact, Rosen's approach is 2D, and the fibres are thus represented by layers (plates), and not 
beams. 
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shear failure, prompted by an initial fibre misalignment. For this model, and those 
that follow it, matrix elastic behaviour and initial material imperfections play an 
important role. 
Fibre failure. Fibre failure can be expected to occur for fibres with low com- 
pressive strength, such as Aramid, but is not expected to happen for carbon, glass 
or boron fibres [112]. 
Rosen [1131 was the first researcher to propose a mechanical model to describe 
fibre microbuckling. By minimizing the internal energy, Rosen obtained the fibre's 
buckling stresses. The analysis was performed for two instability modes: (i) an 
extension mode, where the deformed shapes of adjacent fibres are in opposition of 
phase; and (ii) a shear mode, where the deformed shapes of adjacent fibres are in 
phase. Rosen found that for composites with a high fibre volume fraction, the shear 
mode is critical, and the associated failure stress is 
Gmatrix 
X° 
1- Vf 
(3.64) 
where Gmatrix is the shear modulus of the matrix and Vf is the fibre volume fraction. 
Considering the rule of mixtures, Eq. 3.64 reduces to X,, = Gab, i. e., the shear 
modulus of the composite. This relation, Eq. 3.64, was later modified to account for 
an elastic-perfectly plastic resin [114]. In fact, several modifications were attempted, 
in order to incorporate less restrictive hypotheses (see Ref. [112] for a state of the 
art review). However, Rosen's approach yields smaller failure stresses than similar 
models assuming linear elasticity and straight fibres [112] and is simpler. Still, 
there is little success in predicting the failure stress of advanced composites using 
Rosen's result. The problem is that, when compared to experimental data, Eq. 3.64 
gives results typically 1.5 times higher for Boron composites, 2 to 3 times higher 
for carbon composites and 4 times higher for glass composites [112]. It was with 
the introduction of geometric nonlinearity and initial fibre misalignment that the 
prediction got closer to the experimental results. 
Schultheisz and Waas [112] pointed out that most buckling models tend to repli- 
cate the model-composite that was studied by Greszczuk [115-118]. Greszczuk per- 
formed a series of experiments on model-composites whose reinforcements consisted 
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of either (i) rods (of steel or aluminum) having diameters in the range 0.5 to 3.2mm; 
or (ii) aluminum plates with thickness in the range of 0.3 to 1mm. The basic idea 
was to duplicate the 2D geometries used in the analytical models. Greszczuk found 
that the compressive strength of his model-composites exceeded Rosen's prediction. 
However, when including the energy associated with bending of the fibres, Greszczuk 
found good agreement. He also concluded that while his model-composites with low- 
modulus matrix failed by microbuckling, those with intermediate-modulus matrix 
failed by longitudinal cracking (matrix cracking), and composites with high-modulus 
matrix failed through compression of the fibres. 
Most buckling models follow the 2D approach of Rosen [113]. However, real 
technical composites are 3D structures. It has been suggested [119,120] that 3D 
effects may be a cause of the reduction in the failure stress from Rosen model. In- 
deed, evidence of the 3D aspect of fibre microbuckling has been reported in the 
literature [121,1221. One important 3D consideration, discussed by Schultheisz and 
Waas [112], is the arrangement of fibres and matrix, which induce different types of 
interaction (among the fibres and matrix) during the buckling for different packing 
densities. Furthermore, the laminated construction may lead to different fibre ar- 
rangements within the plane of a lamina and in the through-the-thickness direction. 
Fibre misalignment angles have first been reported to be smaller in the through- 
the-thickness direction [123], but more recent results suggest they are similar in 
magnitude [124]. Models incorporating 3D aspects were attempted [118,125-129], 
and Schultheisz and Waas [112] concluded that FE analysis would be an excellent 
candidate to handle the 3D aspect of microbuckling. 
In most high fibre-volume-fraction advanced composite materials, compressive 
failure is seen as a failure mode which is localized in a band across the specimen 
in which the fibres have rotated by a large amount, and the matrix has undergone 
large shearing deformation-kinking. A schematic representation of a kink band is 
shown in Fig. 3.11(a). In the literature, kinking is often seen as a consequence of 
microbuckling, and not a failure mode itself. However, kinking is other times identi- 
fied as an independent failure mode. On the discussion on whether or not kinking is 
a consequence of microbuckling, the main argument has to do with the orientation 
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Figure 3.11: (a) Kink band; (b) fibre misalignment frame 
of the kink-band boundary. Indeed, if kinking is a consequence of microbuckling, 
then one would expect the kink-band boundary to lie normal to the loading axis 
(original fibre direction), i. e., to lie in the plane of highest bending stresses. In Fig. 
3.11(a), this would mean an angle /3 equal to zero. However, it is found that in 
most cases ,ß 
lies in the range of 30°. On the other hand, the similarity between 
the kink bands and shear bands may suggest that. shear is the main factor at the 
onset of kink-band formation. In this case, it would be expected that kink hands 
would occur in the planes of maximum shear stress, i. e., for 3= 45°. Some thick 
kink bands have been found near 45° [112], but this is generally not, the case. 
Another argument supporting kinking as a separate failure mode was introduced 
by Chaplin [130], who noted that microbuckling should occur everywhere in the 
composite at about the same time, whereas kinking in his experiments was clearly 
initiated from some kind of defect. 
Effendi et al. [131] carried a set of experimental tests on different carbon-fibre 
composites and also carried an analytical buckling analysis, which included initial 
fibre waviness, and computed the stresses in the fibre and matrix constituents. They 
found that before the buckling load was attained, the stress levels in the constituents 
exceeded the respective failure stress. To refine the modelling, they conducted it 
numerical FE analysis, where a nonlinear matrix behaviour was incorporated. The 
results confirmed that constituent failure happened first. Comnposites with small 
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initial imperfections or weaker fibre would fail by fibre failure, while in composites 
with large initial imperfections or stronger fibres, the matrix would fail first. 
On their review of the state of the art on compressive failure of composites, 
Schultheisz and Waas [112] concluded that the experimental observations on the 
kinking phenomenon support the contention that kink bands seen in high fibre- 
volume-fraction advanced composite materials occur via a mechanism that is differ- 
ent from the global microbuckling mode suggested by Rosen [113]. Furthermore, in 
advanced composites, kinking seems to be initiated by local microstructural defects, 
such as fibre misalignments and longitudinal (matrix or interfacial) cracking. There- 
fore, kinking is better understood by treating the problem of stress redistribution, 
including dynamics, and including both nonlinear geometry and material response. 
Whether kinking is a result of fibre microbuckling or a separate failure mode, 
it is the most common failure feature observed after testing. The kink-band angle 
and kink width were studied by Hahn [132] for carbon fibre composites (CFC), 
glass fibre composites (GFC) and Aramid fibre composites (AFC). The kink-band 
angle Q, and the band width w, were found to be the smaller for CFC at room 
temperature (ß -- 20° and w -- 0.07 to 0.2mm). For GFC, no clear kink bands 
were observed at room temperature. However, at 100°C, a kink angle 0 30° 
and a width w 1.2mm were observed. For AFC tested at room temperature, the 
kink angle was found asQ i 40° and width w 0.45mm. Chaplin [130] noted the 
angle of rotation of the fibres in the kink band was twice the angle /3, so that no 
volumetric changes happened in the kinked region. 
Argon [3] assumed that an initial fibre misalignment exists in the composite, 
which leads to shearing stresses between the fibres. The shearing stresses would 
act as to further rotate the fibres, which would in turn lead to further increase in 
the shear stresses. This `closed loop' effect could then lead to failure. The main 
result from his analysis is the relation between the compressive failure stress, XV, 
the longitudinal shear failure stress, SL, and the initial fibre misalignment angle 9; 
(in radians): 
. 
ýi 
c= Ti (3.65) 
From Argon's analysis, a kink-band angle 6= 45° should also result. Several 
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authors since reported the sensitivity of the compressive failure stress to the shear 
failure stress [133-136]. Budiansky [135] later extended Argon's analysis to 
SL 
Xý = Bt + y0 
(3.66) 
where ry° is the shear strain at failure. Failure occurs when the shear failure stress is 
reached in the material coordinate system. In a later analytical work, Budiansky and 
Fleck [136] included the effect of strain-hardening, shear loads, kink-band inclination 
and finite fibre stiffness, obtaining a non closed-form solution. Another similar 
solution was obtained assuming kinking in the transverse direction [137] (but not 
for any generic direction). Analytical models for kink-band broadening were also 
developed [137]. Kyriakides et al. [138] carried micro-mechanical 2D FE models 
of the kinking process (modelling fibre and matrix individually), including matrix 
nonlinearity and initial imperfections. The micro-mechanical 2D FE models were 
successfully used to predict the propagation stress during kink band broadening 
[139,140]. 
More recently, Davila et al. [4,39] used a very interesting combination of Ar- 
gon's approach [3] and the LaRC02/03 matrix failure criterion. Essentially, Davila 
et al. suppose that the fibres might be misaligned, and that further rotation will 
occur during compressive loading. They then compute the stresses in the updated 
misalignment frame and check for matrix failure using LaRC02/03 matrix failure 
criterion. 
3.7.2 2D kinking model 
A 2D kinking model is now proposed. It is based on Argon's [3] approach and the 
latter developments by Davila et al. [4,39]. In the following, the subscript m applied 
to the shear stress and shear strain designates the misalignment frame at failure, 
and the subscript me (also applied to the shear stress and shear strain) designates 
the misalignment frame at failure for pure axial compression. 
Consider a unidirectional composite with a misaligned region being compressed, 
as depicted in Fig. 3.11(b). The stresses in the misalignment frame are, for a generic 
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plane stress loading 
cra m= 
va + Qb + 0a ab cos (20) + Tab sin (20) 
Qa ab Qa - Qb 
abm =2-2 cos (20) - Tab sin (20) (3.67) 
Qa - ab 
Tambm =-2 sin (20) + Tab cos (20) . 
3.7.2.1 Determination of the model's parameters using pure axial com- 
pression data 
For failure under pure compression (oa = -Xe, ab -=Tab = 
0), Eqs. 3.67 lead to 
Qam = -]% Cos2(g), 
Ob,. = -X. sine (B) and (3.68) 
Tamam = Tmc = Xc sin (0) cos (0) . 
This stress state can now be placed in an appropriate matrix failure criterion. For 
a material with linear shear behaviour, placing it in an appropriate matrix failure 
criterion leads directly to the expression for the specific value of the misalignment 
angle 0 at failure for a pure compression case-B,. For a material with nonlinear 
shear behaviour, it will become clear at the end of this section that kinking can result 
either from (i) matrix failure (i. e. the verification of a matrix failure criterion), or 
(ii) instability, due to the loss of (shear) stiffness for larger shear strain values. 
Without loss of generality, suppose first the case of failure by the verification of 
an appropriate matrix failure criterion. 
Case 1: Kinking for pure compression as the result of matrix failure 
Using Puck's initial criterion [2) or LaRC02/3 [4,39], Eqs. 3.19 and 3.20 respec- 
tively (they yield the same result in this case), gives the expression for the specific 
value of the misalignment angle 0 at failure for a pure compression case-9 : 
X, (sin (6r) cos (Bs) - PL sine (8r)) = SL. (3.69) 
This angle, B,, is the sum of the initial misalignment and the rotation due to loading. 
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Davila et al. [4] have solved Eq. 3.69 for B, resulting in 
(1-1-4(+PL) 
X 
Bý = arctan (3.70) 
2(X +µL) 
Davila et al. pointed out that neglecting µL and the shear strain, and assuming B,, 
to be small (in Eq. 3.69) yields Argon's equation (Eq. 3.65). In fact, assuming all 
the above but now not neglecting the shear strain yields Budiansky's Eq. 3.66. 
Using the shear constitutive law, the shear strain 7mc can be obtained from the 
shear stress Tmc and so the initial misalignment angle, Bi, can be calculated. In 
practice, the shear constitutive law is usually nonlinear so that the shear strain can 
be related to the shear stress by the generic function fCL such that T= fct('Y)" 
From the constitutive law, the shear stress at failure (and in the material axes) is a 
function of the shear strain 
Tmc = fCL(^Ymc) (3.71) 
and from the transformation equations (Eqs. 3.68), the shear stress at an angle B, 
is 
T, ýý =12 sin (2O) X, (3.72) 
From Eqs. 3.71 and 3.72, the shear strain at failure for a pure axial compression 
case, ry,,, c, comes as 
-Ymc = fCL 
(2 
sin (2O) Xe) . 
(3.73) 
For instance, for a material which is linear in shear, Eq. 3.73 becomes simply 
sin (20, ) Xc (3.74) 7'mc = 2Gn6 
Davila et al. [4] assumed small angle approximations and reached a simpler expres- 
sion for Eq. 3.74: 
1m 
e`X` 
(3.75) = Gab 
The initial misalignment angle can then be calculated using 
Bi = Bc - -y.. c (3.76 
where ryic can be defined by Eqs. 3.73,3.74 or 3.75. 
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Writing Eq. 3.73 in the form 
fCL ('Ymc) =2 sin [2 (ei -f-'Ymcýý Xc (3.77) 
and plotting the left and right hand side of it in a (y, 7-) space provides insight into 
the meaning of the solution of Eq. 3.73. Fig. 3.12(a) represents both sides of Eq. 
3.77 for a material with linear shear behaviour. 
The Left Hand Side (LHS) of Eq. 3.77 is the shear strain vs. shear stress 
material law. The Right Hand Side (RHS) of Eq. 3.77 represents the shear stress 
resulting from the compressive longitudinal loading, in a rotated coordinate system. 
As the compressive stress increases, the `RHS' curve corresponding to a general 
stress level shifts up, and the intersection with the `LHS' curve defines the strain in 
the misalignment frame rym. At failure (when the compressive stress equals Xe), the 
strain in the misalignment frame is defined as 7mc and is shown in Fig. 3.12(a). 
For a material with nonlinear shear behaviour, there could be more than one 
intersection point for each stress level, as represented in Fig. 3.12(b) for the par- 
ticular case of failure onset. As the compressive loading increases, the `RHS' curve 
corresponding to a general stress level shifts up, and the intersection with the `LHS' 
curve defines the strain in the misalignment frame At failure (when the com- 
pressive stress equals Xe), the strain in the misalignment frame is defined as 7mc 
and is shown in Fig. 3.12(b). Therefore, ry,,,, has to correspond to the first inter- 
section of the two curves (lower energy). However, this is not guaranteed by the 
solution of Eqs. 3.70,3.73 and 3.76. If the mentioned solution corresponds to the 
second intersection, then the solution is not valid and failure is due to a different 
mechanism, which is now discussed. 
Case 2: Kinking for pure compression as the result of instability 
A second mechanism that can promote fibre kinking is elastic instability of the 
matrix, due to the softening character of the constitutive law. As a composite is 
progressively loaded in compression, the curve `RHS' in Fig. 3.12(b) shifts up, also 
progressively. Suppose that at the moment the two curves `LHS' and `RHS' are 
tangent to each other, Fig. 3.12(c), the matrix compressive failure criterion is not 
yet verified. Then, a small increase in the compressive load results in the two curves 
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Figure 3.12: Left and Right hand side of Eq. (3.77), for a material with a 
(a) linear shear behaviour, (b) nonlinear shear behaviour, and 
failure by matrix cracking, and (c) nonlinear shear behaviour, 
and failure by instability 
not touching each other. Physically, this means that there is no equilibrium position 
and catastrophic failure results, due to unstable rotation of the fibres. It is concluded 
that the compressive strength measured for pure axial compression is in this case 
actually a failure due to instability, rather than matrix failure. 
The values of Oi and ry« corresponding to this type of failure can be obtained 
from the system that results from Eq. 3.77 and the condition that expresses that 
the left and right hand side of Eq. 3.77 have the same slope at ry,,, c : 
. 
fCL('Ymc) = 
X, 
sin [2 (Oi + 7mc)] 
afcL('Y) (3.78) 
s [2 (ei 'i 7mc ary 
I'fmc 
=X co 
To summarize, the three variables 9;, 'yýc and Oc can be determined by Eqs. 
3.70,3.73 and 3.76 (matrix compressive failure) or by Eqs. 3.76 and 3.78 (elastic 
instability). 
If the instability solution occurs for f,,, c <1 (Eq. 3.19), then the instability 
solution must be considered; otherwise the matrix compressive failure solution is 
considered. Either way, B;, y, c and 
Oc are always defined. The initial misalignment 
angle B; is a material property, and could be regarded as an equivalent angle that 
embodies microstructural defects (that can trigger kink-band formation) as well as 
the actual initial misalignment, like oscillations in the fibre volume fraction or in 
the bonding to the resin, or microcracks in the resin. 
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3.7.2.2 Generic plane-stress loading 
Knowing O" allows the establishment of an equation defining the shear strain in the 
material axes for a generic plane stress situation, rym, by using the transformation 
Eqs. 3.67 and the shear law: 
fCL(7mý 0'a 
2 
Orb 
sin (2 (Bi + 7'm)) + JTabI cos (2 (Bi + 7m)) . 
(3.79) 
Having solved the previous equation for -y,,, the misalignment angle 0 comes then 
as 
9= Tab (0i =i- 7'm) . 3.80) ITabI 
Note that, in Eq. 3.79, a modulus was applied to Tab because it is the easiest way 
of considering simultaneously the possibility of an initial misalignment f9;. 
For a nonlinear shear response, Eq. 3.79 can be solved by an iterative process 
to yield ry7z. For most practical cases, Eq. 3.79 can be simplified without significant 
error by assuming small angle approximations: 
fCL(IYm) " (ei +'Ym) (-0a + Q6) + ITabl " (3.81) 
For a linear shear behaviour, Eq. 3.81 can be solved [4], resulting in 
'Ym 
Bi Gab + 1TabI 
- Bi. 
(3.82) 
- Gab + Ua - ab 
However, for a nonlinear shear behaviour, there might be no easy way of solving 
Eq. 3.81 or 3.79 without iterating. Having determined the misalignment frame, the 
stresses can be rotated to that frame, and a matrix failure criterion can be used 
to check for possible kink-band formation. Therefore matrix failure can be checked 
using Eq. 3.19 for compression (o < 0) and either Eq. 3.26 (neglecting in-situ 
effects) or Eq. 3.38 (including in-situ effects) for tension (o > 0). 
For nonlinear shear behaviour, there might be no easy way of solving Eq. 3.79 
or 3.81 without iterating. Furthermore, Eq. 3.79 does not always have a solution, 
since failure by instability is also possible. If, for a specific load state, Eq. 3.79 does 
not have a solution (this can be easily checked by plotting the left and right hand 
side of the equation in a (-r, , y) space), then failure has taken place by instability. 
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Figure 3.13: Failure envelopes for longitudinal compression acting with in- 
plane shear for (a) linear shear behaviour and (b) nonlinear 
shear behaviour 
The envelope for failure by instability is defined by the system that results from the 
following two conditions: (i) Eq. 3.79 is verified; and (ii) the slope (in a (T, y) space) 
of the left hand side of Eq. 3.79 is the same as the slope of the right hand side. 
Mathematically, the following system results: 
fCL(''m) 
OQ - Ob 
2 sin (2 (ei +'im)) + ITabl cos (2 (Oi +''m)) afCL(7'm) (3.83) 
a7"' = -(Qa-Cb)cos(2(ei+im))-2ITabIsin(2(Bi+7im))" 
This system (Eq. 3.83) defines an envelope for failure by instability. Fibre 
kinking is thus predicted not only if the matrix failure criterion (in the misalignment 
frame) is verified, but also if the system (Eq. 3.83) is verified. 
Fig. 3.13 shows the application of this analysis to a biaxial compression in the 
fibre and matrix direction for a E-glass/DY063 epoxy used in the WWFE [66]. The 
material properties used are given by Soden et al. [92] and presented in Table 3.1. 
For the nonlinear behaviour, the experimental data stress vs. strain points given by 
Soden et al. [92] are used directly by the model (Fig. 3.14). 
Fig. 3.13(a) shows the different envelopes obtained while using the LaRCO4 
matrix compressive failure criterion (Eq. 3.19) and the Puck matrix failure criterion 
(Eq. 3.21), considering a linear shear behaviour. 
Fig. 3.13(b) presents the application of this failure model for a nonlinear shear 
behaviour (see Eqs. 3.73 and 3.79). Shear nonlinearity was not considered explicitly; 
instead, interpolation and extrapolation was used to get the required information 
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Figure 3.14: Linear and nonlinear shear curves for an E-glass/DY063 epoxy 
used in the WWFE, experimental points from Soden et al. [92] 
from the experimental data points. The linear and nonlinear shear strain vs. shear 
stress curves are represented in Fig. 3.14. The effect of the nonlinearity on the 
envelope-Fig. 3.13(b)-is seen to be considerable, which reinforces the importance 
of a more comprehensive characterization of composite materials under shear load- 
ing. 
Note the interesting implications of this model: the failure envelope is dependent 
on the elastic properties of the material. This is common in fibre compressive failure 
models and in this case reflects the fact that failure takes place in a rotating mis- 
alignment frame. Indeed, the magnitude of the rotation of the fibres, rymc, depends 
on the shear response. 
3.7.3 Proposed 3D kinking model 
Most fibre-kinking models assume that kinking happens in the plane of the lamina. 
On the other hand, most experimental studies mimic this in-plane approach and 
constrain the specimens so that out of plane movements are not allowed. However, 
many researchers agree on the 3D nature of fibre-kinking failure. A 3D kinking 
model based on the previous 2D model is now proposed. This model assumes initial 
fibre misalignment and nonlinear shear behaviour. Furthermore, its formulation is 
such that an efficient numerical FE implementation is possible. 
Consider a unidirectional lamina under a general compressive stress state as 
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Figure 3.15: 3D kinking model; (a) solid under generic loading, (b) fibre 
kinking plane, (c) stresses on the (a, b, c) coordinate system, 
(d) stresses on the (a, V, cO) coordinate system, (e) stresses on 
the misalignment frame and (f) matrix fracture plane 
shown in Fig. 3.15(a). The fibre-kinking plane is assumed to be at an angle with 
the b axis, as shown in Fig. 3.15(b). Fig. 3.15(c) shows the stresses acting on 
the (b, c) plane, while Fig. 3.15(d) shows the stresses acting along the b" and co 
directions (Fig. 3.15(d) assumes that bO and cO are the principal directions in the 
plane (b, c)). The rotation to the misalignment plane is shown in Fig. 3.15(e). The 
matrix fracture plane is represented in Fig. 3.15(f). The value of the angle'O depends 
on the particular stress state3. A 2D fibre-kinking model-in which through-the- 
thickness movements are constrained-assumes that the angle & in Figs. 3.15(b), 
(c) and (d) is equal to zero. If the composite is constrained so that it cannot move 
in the b direction, then the fibre-kinking plane would have an angle = 90°. For a 
general load situation, t, b will have a value between 0 and 180°. 
The set of transformation Eqs. 3.84 can be used to rotate the stresses to a 
31n reality, defects such as fibre initial misalignment may not be homogeneously distributed and 
the kinking plane could in fact also be influenced by that. 
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potential fibre-kinking plane: 
Qb + Qc 
_- 
ac O'b 
ob, P =2+2 cos (2; b) + Tbc sin (2; %) 
QcO = Qb + Uc - Qb+4 
Tab't' - Tab COS 
(0) + Tca sin (0) (3.84) 
ab - ac 
Tb0cý 2 sin 
(20) + 7-b, cos (20) 
T0 =Tcacos(7Ii) -Tabsin (7/i). 
After defining the fibre-kinking plane, the stresses are then rotated to the misalign- 
ment frame. The strain -y,,, is obtained by solving the iterative equation 
fCL(7'm) 
- -0a 
O'blP 
sin (2 (Bi + i'm)) + ITabO I cos (2 (ei +'Ym)) (3.85) 
2 
and the angle 0 comes as 
6= Tabs (6i + 7.. ) . 
(3.86) 
ITab* I 
If Eq. 3.85 does not have a solution, then failure has taken place by instability. The 
envelope for failure by instability is defined by 
. 
fCL('Ym) _-2 sin (2 (9i + -y,,, )) + Tab' I cos (2 (O + "tm)) (3.87) 1 afct 7m) (Ua - Qb+f) cos (2 (O + 7m)) -2 (Taby I sin (2 (Bi + '%m)) 
Having established the orientation of the misalignment frame, the stresses can be 
rotated to it using 
Qa+Qb'I Oa - ab 
(7a"' =2+2 cos (20) + TabO sin (20) 
Q6'^ = Qa + Ub'' - Cram 
0° -O ab* 3.88 Tambm =-2 sin (20) + Tnyb COS (20) 
Tbmcdr = Tb I cy COS 
(0) 
- Tcrba sin 
(0) 
TC, yam = Tcba* COS (0) . 
At this point, a check can be performed for matrix failure. For compression (ab- < 
0), one can apply the already presented matrix compressive failure criterion (Eq. 
3.19), while for tensile (obm > 0) the matrix tensile failure criterion (Eq. 3.26) is 
applied (in-situ effects are neglected). The criterion for kinking comes then as: 
" for abm <0 
fkink = 
TT l2 
+( 
TL l=1 (3.89) 
ST - PT0n/ \SL - l1L7n/ 
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" for O 'b- iQ 
O(t) 
22 
TL 
2 
(kink =+ 
(sI-) 
+\ 
SL / 
1. (3.90) 
In Eqs. 3.89 and 3.90, the traction components in the fracture plane are given by 
U6m + a,, * Qbm - Oc+G 
Qn =2+2 cos (20) + Tbmco sin (20) 
Qbm - O'c+4 
TT =-2 sin (2q5) + Tbmc, b COS (2q) 
(3.91) 
71 = Tam bm COS (c) + Tc+l om sin 
(0) 
where the angle 0 is obtained by trying a small number of tentative angles in the 
interval 00< 7r, and the angle ii has yet to be determined. A possible solution to 
determine is to apply the criterion expressed in Eqs. 3.89,3.87 and 3.90 to a range 
of tentative angles ii in the interval 0< V% <7r. For a numerical implementation 
of the criterion however, the numerical effort dispensed could be cumbersome. It is 
now shown that it is possible to define a pragmatic expression for 0. 
The analysis of specimens failed by kink-band formation shows that, in the kink 
band, the fibres rotate consistently in the same direction forming planes of kinked 
fibres. Consider now an element of volume of a composite, under a generic loading 
as in Fig. 3.15(a). The stresses acting on a section in the (b, c) plane are shown 
in Fig. 3.15(c). Suppose that the element of volume fails by the formation of a 
kink band in its interior; a plane of kinked fibres is shown in Fig. 3.15(b). During 
(and after) the failure process, the shear stiffness in the failed band is lower than 
outside it. As a result, if the shear stress Tbscs is nonzero, the lower shear stiffness in 
the kink band would result in an out-of-plane movement of the kinked fibres, which 
contradicts the assumption that (b'', c'') is the plane where fibre kinking takes place. 
Therefore, T6oco has to be zero, and b'b and c'O are thus the principal directions in 
the plane (b, c), Fig. 3.15(d). 
Another argument leading to the same conclusion is that a negative stress abp will 
tend to close any micro-cracks in the matrix (normal to the b'' direction) disfavouring 
fibre kinking in that direction, while a positive stress ab* will tend to open those 
same micro-cracks, now favouring fibre kinking. Hence, it is reasonable to expect 
that the b'1' is the direction corresponding to maximum principal stress in the plane 
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Table 3.2: Mechanical properties of a unidirectional E-glass/LY556, from 
Soden et al. [43,921 
Ea (GPa) Eb (CPa) Gab (CPa) Sab (GPa) Y (GPa) Y (GPa) ¢o (° ) 
53.48 17.7 5.83 66.5 37.5 130.3 53 
(b, c). Finally, the angle o is thus given by 
tan (27p) = 
27-b° 
. 
(3.92) 
0b - Qc 
To conclude, note that the laminated construction may lead to different fibre ar- 
rangements within the plane of a lamina and in the through-the-thickness direction. 
It is not clear whether initial fibre misalignment angles are smaller in the through- 
the-thickness direction or similar in magnitude [123,124]. The present model as- 
sumes that the initial fibre misalignment is equal in magnitude in the transverse 
direction, through-the-thickness direction, or in any direction between the two. In 
order to apply this model, the only material properties that need to be known, in 
addition to the in-plane shear response, are YY, SL, 0o, Ye and X, All the remaining 
parameters follow from these. 
3.8 Applications 
3.8.1 Failure envelope (ob, Tab 
The matrix failure model (compression and tension) is here used to predict the 
(ab, ra. b) failure envelope for a unidirectional composite E-glass/LY556. Material 
properties, Table 3.2, and experimental data, Fig. 3.16, are given by Soden et al. 
[43,921. Since more than one value is reported for the transverse (compressive and 
tensile) and shear strengths, the corresponding average values are used in all models. 
The envelope predicted by the model is given in Fig. 3.16, where a good corre- 
lation with the experimental results can be observed. 
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Figure 3.16: Failure envelopes and WWFE test data for unidirectional com- 
posite E-Glass/LY556 
3.8.2 Failure envelope (Oa, Qb) 
Testing for biaxial loads presents a number of complexities, and experimental results 
are rare. A test case from the WWFE [42] is studied here: the biaxial compression 
of a 0° E-glass/MY750 epoxy lamina, with material properties given in Table 3.3. 
In addition to those properties, the in-plane Poisson's ratio is vab = 0.278, and 
the fracture angle for pure in-plane transverse compression is 0o = 53°. For the 
application of the model with nonlinear shear behaviour, the experimental curve 
given by Soden et al. [92] is used directly. The linear and nonlinear shear laws are 
plotted in Fig. 3.17(a). 
For the current kinking model, the kink-band angle is predicted using Eq. 3.92. 
The magnitude of ac is unknown, and depends on the existence of constrains on the 
c direction. Therefore, the two roots of Eq. 3.92 to be considered are V1 = 0° and 
ßi2 = 900, meaning that the kink plane can either be in the plane of the lamina, or 
in the through-the-thickness direction. 
Assuming first that the kink band develops in the plane of the lamina (i% = 0°), 
either due to the micromechanics of the material or imposed by the testing, the 
failure envelope comes as in Fig. 3.17(b). 
If it is assumed that the kink band is formed in the through-the-thickness di- 
rection (second root of Eq. 3.92), 0= 90°), the envelope shown in Fig. 3.18(a) is 
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Table 3.3: Mechanical properties of E-glass/MY750 used in the WWFE [66], 
given by Soden et al. [43,921 
Longitudinal Transverse Shear 
Tensile Compression Tensile Compression 
Strength (MPa) 1280 800 40 145 73 
Modulus (GPa) 45.6 16.2 5.83 
Tap (MPa) 
50 
0 
0 0.02 0.04 
Yaa 
(a) (b) 
Figure 3.17: (a) Linear and nonlinear shear law; (b) biaxial (aa, ob) failure 
envelope of 0° E-glass/MY750 epoxy lamina, assuming a kink 
band in the plane of the lamina 
predicted. If the orientation of the kink plane is unrestricted, the envelope in Fig. 
3.18(b) is obtained. 
For biaxial compression, the criteria predicts an increase of the axial compressive 
strength with increasing transverse compression only for a kink band developing in 
the plane of the lamina. 
3.8.3 Axial compression with superposed hydrostatic pres- 
sure 
Unfortunately, there is not much experimental data on fibre kinking under a multi- 
axial stress state. One exception is the compressive behaviour of composite rods, 
with superposed hydrostatic pressure. Wronsky and Parry [141) measured the effect 
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Figure 3.18: Biaxial (0°, ab) failure envelope of 0° E-glass/MY750 epoxy 
lamina (a) assuming through-the-thickness kinking; (b) assum- 
ing that there are no restrictions to the kinking plane 
of hydrostatic pressure on the compressive strength for a glass-reinforced composite. 
The compressive strength without superposed hydrostatic pressure was measured 
as 1150 MPa. Three values of shear strength are reported, depending on the test 
method and specimen dimensions, 42,48 and 59 MPa. The biggest value of the three 
is used herein, for being (arguably) more representative. 
These material properties are not enough to completely define the material for 
the purposes of the failure model. Therefore, some material properties have been 
assumed from typical values as follows: (i) the shear modulus is taken as 6600 MPa, 
(ii) the fracture angle in matrix compression is cbo = 53°, (iii) the transverse com- 
pressive strength is taken as 140 MPa. To analyse the effect of shear nonlinearity, a 
logarithmic law is considered, T= kl In (key + 1), with kl = 200 MPa and k2 = 33, 
which yields the same initial shear modulus. The linear and nonlinear curves are 
compared in Fig. 3.19(a). 
The effect of the hydrostatic pressure on the compressive strength, as predicted 
from the model, is compared with the experimental data from Wronsky and Parry 
[1411 in Fig. 3.19(b). The comparison suggests that the physics of the compressive 
behaviour may have been correctly represented in the model, but clearly, experi- 
mental measurements of the assumed material properties are required for a rigorous 
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Figure 3.19: (a) Linear and nonlinear shear curves considered; (b) compres- 
sive strength as a function of the hydrostatic pressure 
validation of the model. 
3.8.4 Angle-ply laminate 
A last application example is presented, which consists of the compression of carbon- 
epoxy AS4/3502 laminates with lay-up (±O)n,. For these laminates, the failure 
can be matrix-dominated or fibre-dominated depending on the angle 0. The ma- 
terial properties used by the model are from Shuart [124): E,, = 127.6 GPa, Eb = 
11.3 GPa, Gab = 6.0 GPa, vab = 0.3, Xc = 1045 MPa, SL = 95 MPa and the 
shear strain at failure is 4%. In addition to these properties, the model also re- 
quires the fracture angle in pure transverse compression, which is considered to be 
&= 53°. For the nonlinear shear behaviour, the logarithmic law is considered, 
-r = kl In (k2ry + 1), with the constants kl and k2 computed such that the nonlinear 
curve has the same initial slope as the linear one, and that it passes through the 
point (y = 0.04,, r = 95), which yields kl = 58.2 MPa and k2 = 103.1. The linear 
and nonlinear shear curves are shown in Fig. 3.20(a) and the predictions from the 
model are shown to be in good agreement with the experimental data, Fig. 3.20(b). 
Linear model 
-Nonlinear model 
" Experimental 
(Wronsky and 
Parry, 1982) 
For this application, the influence of the nonlinear shear behaviour does not appear 
to be particularly important. 
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3.9 Conclusions 
The criteria proposed, and the physically-based models developed, are shown to ac- 
curately predict failure envelopes and trends. The fibre compression failure criterion 
proposed emphasizes the need for accurate characterization of the shear behaviour. 
The fibre-kinking model can be readily used in a stochastic formulation, since man- 
ufacturing defects can be easily accounted for within the model. 
The application of these criteria to more complex structures requires the use of 
numerical methods. An implementation of these criteria in FE is described in the 
next chapter. 
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Chapter 4 
Implementation of a smeared 
failure model 
4.1 Introduction 
Successfully modelling failure initiation and propagation in composite components 
is often only possible through the use of numerical methods, such as Finite Elements 
(FE). One of the most widely used FE codes, LS-Dyna [1], has composite material 
models with failure already available and applies the Chang and Chang [58,59] 
or Tsai and Wu [51] failure criteria. Once failure is detected, the relevant elastic 
properties are reduced to zero over a fixed number of time steps. This approach is 
unrealistic, as the post-failure behaviour is completely disregarded. 
In order to model damage propagation, continuum constitutive models can fea- 
ture internal variables representing, directly or indirectly, the density and/or distri- 
bution of the microscopic defects that characterize damage. These are called Con- 
tinuum Damage Mechanics (CDM) models. Ladeveze's CDM model [142], in which 
the behaviour of fibres (unidimensional phase) and matrix (orthotropic phase) are 
considered separately, is the basis for a large number of CDM models for composites 
in the literature, such as that of Coutelier and Rozycki [143] for multi-layered combi- 
nations of metallic and composite plies and Johnson's [144] damage model for fabric 
reinforced composites. Another model, by Matzenmiller et al. [145], is notable for 
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using a damage growth law which is based on a Weibull distribution of strengths. 
Williams and Vaziri [146] implemented Matzenmiller et al. 's model in LS-Dyna. In 
their model, the volumetric energy associated with a failure mode (area under the 
stress-strain curve) is function of a parameter (m). For a constant value of in, they 
found that their results were mesh sensitive; however, they argued that, in contrast 
to the models implemented in LS-Dyna, their model could make use of the param- 
eter m to account for different mesh sizes (m becoming a material property for a 
specific mesh density). A detailed review of implementation of CDM models is also 
given by Williams and Vaziri [146]. More recently, Williams et al. [147] developed 
their model further, addressing in particular the physical significance of the choice of 
damage parameter, the ease of material characterization and the effect of stacking 
sequence, and identified rate dependence and mesh size dependence as key areas 
needing development in the future. 
To model failure, the approaches outlined above suffer from a severe mesh de- 
pendency problem related to strain localization during the fracture process. Strain 
localization occurs whenever failure is preceded by the emergence of narrow and 
highly-strained zones. Typical examples of strain localization include shear bands 
in metals, the formation of kink bands and the accumulation of damage that results 
in fracture in composites. Local damage formulations are not able to' describe the 
localization phenomena either in a physically or mathematically appropriate way 
[148]. In this chapter, an FE implementation in LS-Dyna [1] of the failure crite- 
ria developed in the previous chapter is presented. The implementation avoids the 
strain localization problem by using a smeared formulation. Due to the importance 
of correctly modelling in-plane shear nonlinearity, the implementation accepts any 
generic curve for the shear law. The FE model only requires parameters with phys- 
ical meaning. Most of them are typically available from standard tests, and the 
remaining are shown to either be related to known parameters, or obtainable from 
simple tests. Even though the model and approach themselves are more general, the 
implementation is made for LS-Dyna's [1] 8-noded solid brick element with one-point 
integration. The resulting FE model is easy to use and is shown to have captured 
some key features of the failure process. 
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4.2 Failure criteria 
The equations relevant to apply the failure criteria developed in the previous chap- 
ter are now summarized. As before, the subscript a refers to the fibre direction, 
the subscript b refers to the in-plane transverse direction and the subscript c refers 
to the through-the-thickness direction. The values of parameters associated with 
the onset of failure are denoted with the superscript `o' while the values of param- 
eters associated with failure propagation are denoted with the superscript `f'. For 
instance, o is the stress in the a direction at onset of failure. 
4.2.1 Fibre tensile failure 
For fibre tensile failure, the simple maximum-stress criterion 
fft = 
faXt 
=1 4.1 l 
is used, where Xt is the axial tensile strength. 
4.2.2 Matrix failure 
The traction components a, a, TT and TL on potential fracture planes are obtained 
by 
rotating the stresses in the plane (b, c), with- tentative rotation angles 0 such that 
0<0< 7r, see Fig. 4.1(a). Following the exposition in the previous chapter, the 
FE implementation determines the angle ¢ by computing the failure criterion for a 
few trial angles from that interval. 
4.2.2.1 Compression 
For matrix compression (Q < 0), the following criterion is used: 
TT )2+ TL 
=1G 0', < 0, 
(4.2) fmat =(1 ST - /2Tcn SL - IýL7n/ 
where SL and ST are the longitudinal and transverse (to the fibres) shear strengths; 
and µT and µL are transverse and longitudinal friction-like parameters. 
,, 
the longitudinal shear To apply this criterion, only the compressive strength Ye 
strength, SL, and the angle, ¢o, of the fracture plane for pure compression in the 
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(a) (c) 
Figure 4.1: (a) Traction components in the fracture plane; (h) failure angle, 
0, for pure transverse compression failure; (c) orientation of a 
kink band in a 3D space 
b direction (typically, (, ý, ti 53 °) need to be known. This angle is shown in Fig. 
4.1(b). All the remaining parameters follow frone diese: 
1 
/IT = -taii(2ýo) ST 2 ta. (0, ý) 
, lýý = 
Sý Sf. (43) 
4.2.2.2 Tension 
Matrix tensile failure is assumed to occur when the following quadratic interaction 
between the normal traction component a, and the s1iear traction components T7" 
and TL is satisfied: 
fmat- 
(+S+( TI, )2 
=1 ý=-cr? O (l. 1) 
T SL 
where Y is the transverse tensile strength. 
4.2.3 Fibre-kinking failure 
To predict fibre-kinking failure, the mechanical model presented iii the previous 
chapter is used, with only one modification that' enhances the numerical efficiency. 
This simple modification, which avoids iterating in each time step, consists of defin- 
ing the misalignment frame orientation 0 as the sum of an initial misalignment angle 
0, with the shear strain in the initial misalignment, frame, ry,,,;. The angles needed 
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for the definition of the orientation of a kink band are shown in Fig. 4.1(c). The 
criterion for fibre-kinking is 
CST 
T 
PTQn 
+ 
'SL 
T 
PLQn) 
1G Qn ý0 
(knk /2 \=222 (4.5) 
( Yt) + (1L) ST+ \'S'L) IG On U 
where TT, TL and an are the traction components on potential fracture planes. 
To apply this criterion, the only material property that needs to be known, 
further to Y,,, SL, &o and Yt is the compressive strength in the fibre direction Xc. 
All the remaining parameters follow from these. 
The stresses in the fibre-kinking plane coordinate system (a, b'', c'O) are obtained 
by rotation in the (b, c) plane by an angle zP. The angle 0 is obtained either by trying 
a small number of tentative angles or using the following approximate expression: 
tan (20) = 
2rb 
0b-Qc 
(4.6) 
The stresses are then rotated to the misalignment frame (a'", b"`, cO) by rotation 
in the (a, V) plane by an angle 0 defined as 
TQyO 
e 
IT4IJOI 
(Bi i'7mi) (4.7) 
The initial misalignment angle O is deduced from experimental data by solving the 
following iterative equation' 
Bi =0- fCL 12 sin (20) X, 
) 
(4.8) 
where 
1-1 /1- 4 (X, + ILL) X 
9, = arctan 
V (4.9) 
2(X '+'IIL) 
The strain in the initial misalignment frame is defined as 
7mi =ft 
(a. 
o 
2 
ob' 
sin (201) + Irab I COS (20i)I/ (4.10) 
'In this model, B; is a material property and is therefore computed only once; hence, it is not 
important that iteration is needed to obtain it. 
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where feL is the shear law (7---: fct(Y))" 
The traction components in the potential fracture planes are obtained by stress 
rotation in the plane (b', c'') by an angle 0 comprised in the interval 0<0< 7r, 
which is obtained by trying a small number of tentative angles. 
4.3 Finite element implementation of the smeared 
failure model 
This section describes in detail the 3D FE implementation of the smeared failure 
model in LS-Dyna [1], for brick elements with one point integration. 
4.3.1 Elastic behaviour 
The compliance matrix [S], which relates the strain vector {e}T = {e Eb Cc ybc rye} 
to the elastic or effective stress vector {v}T = {Qa 0b ac Tbc Tca}, is defined as for 
any 3D orthotropic material: 
1/Ea -vba/Eb -vom/E,, 0 
1/Eb -vcb/Ec 0 
[S] = 1/EE 0 
SYM. 1/Gbc 
The in-plane shear (ab) is not included in the compliance 
0 
0 
0 (4.11) 
0 
11G. 
matrix because the model 
for this shear mode has been designed to use a full nonlinear shear stress vs. shear 
strain response, obtained experimentally. 
4.3.2 In-plane shear behaviour 
According to experimental evidence, the in-plane shear (ab) behaviour is nonlinear 
and irreversible, even before the localization process. Due to the importance of the 
nonlinear shear behaviour, this model assumes that the full nonlinear shear stress 
vs. shear strain curve is available. The curve is entered in the FE model through the 
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coefficients of a set of polynomials, Fig. 4.2(a). The function fcL (, ab) represents 
the value of shear stress obtained from those polynomials, with Yab > 0. The effect 
of Qb on the in-plane shear curve is not considered. The effect of strain rate is not 
directly considered but it can be accounted for by using the shear law corresponding 
to the desired strain rate for the function fCL (7ab). 
There is no trivial answer to what is the behaviour in shear over very com- 
plex loading-unloading-reloading paths. A simple model for unloading, considers a 
constant unloading modulus (equal to the initial one, Gab) and so needs only the 
experimental shear stress vs. shear strain curve. A more general approach con- 
sists of defining the slope of the unloading law as a function of the inelastic strain. 
However, this approach would require experimental data for its application that is 
seldom available. Furthermore, some experimental results suggest that when un- 
loading and reloading, the shear modulus is fairly similar to the initial one, though 
with some hysteresis [2]. Neglecting the hysteresis, one of the simplest models that 
accounts for irreversibility is the one presented in Fig. 4.2(b). To define this shear 
response, one has first to define the maximum (over time) shear strain as 
y ba" (t) = max {I yab (t') 11 (4.12) 
and the inelastic shear strain as 
%in max bib- 
fCL ( 
6ax) 
/Gab- 4.13) 
The material law for shear that reproduces the behaviour shown in Fig. 4.2(b) then 
becomes 
Tab 
fCL (liabl) I'YabI =7b (4.14) 
T2l ya6ýCab 
(I^YabI 
- 6) 
IlYabI C7b 
where the operator (} is the Mc-Cauley bracket defined as (x) = max {O, x} ,xER. 
Even though in-plane shear nonlinearity and irreversibility are modelled, the 
shear unloading model outlined above may need further development in the future, 
for situations where the shear stress reverses direction. 
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Tab fCL (lab J 
ab 
Extrapolation 
"Curve-fitting of rr 
experimental data 
Yab ýi 
Yab 
(a) (b) 
Figure 4.2: (a) Curve fitting of the experimental nonlinear shear behaviour; 
(b) irreversibility: loading, unloading and reloading paths 
4.3.3 Smeared formulation 
90 
To avoid strain localization, a smeared formulation [149,150] is used. In smeared 
formulations, the fracture energy is distributed (smeared) over the full volume of 
the element. As a consequence of this approach, a parameter with the dimension of 
length, relative to the element dimensions, is introduced into the constitutive law. 
The treatment of localization problems with smeared formulations has been widely 
used in concrete and in metals [151]. 
One of the major difficulties related with the smeared-formulation approach is 
that the material damage laws have to include a length parameter, in order to 
achieve a constant energy released per unit area of crack generated regardless of the 
element dimensions. Using the example in Fig. 4.3, matrix tensile fracture, one 
can easily understand how the length parameter enters the material law. Suppose 
that the whole plate represented in Fig. 4.3 is modelled as one element. Then, the 
energy absorbed by the element after complete failure (complete separation), U, is 
aoef croef 
U= Vx 
2= 
L1L2L3 x2 (4.15) 
where V is the volume of the element. The basic idea is that this energy is equal to an 
energy per unit area, r, which is a material property, multiplied by the corresponding 
area, A= L1L3i i. e. 
v=rxA=rxL1L3. (4.16) 
Equating Eqs. 4.15 and 4.16, one can retrieve the maximum strain, of, as a function 
of the energy per units of area of the surface created, r, the material strength a° 
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3 Fracture plane, 1 ýwith areaA=L, L3 6 
i L2 
1 (a) (b) 
v 
Figure 4.3: (a) Example of ai niclirectiollal composite loaded in transverse 
(matrix) tension up to complete failure; (h) material law with 
failure 
and one element dimension, L2: 
E1 = 
2F (1J7) 
a°L2 
With E1 defined by Eq. 4.17, the energy absorbed by the plate (per units of cracked 
area) in Fig. 4.3 is independent of the niesli refinement, U/A - I, = material 
property. The same does not happen with any of the composite nnaterial m edelS 
currently implemented in LS-Dyna [1]. 
Another particularly interesting interpretation for this approach is the concept 
of width of the damaged zote. In fact, if one considers that the work done per unit 
volume of fully damaged material, F1,, is a material property, mid t lhai. t. the Width, w, 
of the band of failed material is also a material property, then Eq. -1.17 also holds, 
with I' = F, x u'. 
4.3.4 Damage variables 
In CDNI models, the stress applied at, each point of a structure, which is lased on 
the applied load and the macroscopic cross-sectional area (as if the material was 
undamaged) is usually referred to in the literature as `true stress', `real stress' or 
`applied stress. ' This stress measure is relevant, on a macroscopic point of view, 
since it represents an average over damaged and undamaged material. In addition, 
the stress that is based on the cross-sectional area effectively resisting the loading is 
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frequently referred to as `effective stress. ' From these definitions, the effective stress, 
cref , can be related to the applied stress, aap, by 
cap = (1 - d) Qef (4.18) 
where d is a damage variable. 
In order to avoid superscripts (which could be confused with other indexes used 
in this work), the operation in Eq. 4.18 will be in the remaining of this chapter 
represented as 
QF--(1-d)Q (4.19) 
meaning that the effective stress (in the right) is replaced by a damaged one (in the 
left). 
Damage variables, d, are defined in this model to degrade linearly the relevant 
stress components to zero, as defined by Eqs. 4.18 or 4.19 and as shown in Fig. 
4.3(b). For each failure mode, the damage variables are defined such that they have 
the value 0 at onset of failure (e = -°) and value 1 at final failure (e = cf ). In each 
time step after failure onset, the relevant effective stress components are multiplied 
by (1 - d). This way, the applied (or damaged) stress components are progressive 
and linearly reduced to zero, as in Fig. 4.3(b), without creating a discontinuity. The 
instantaneous value of the damage variable, di"'t, is defined as 
ll 
d"`8t = max 
1f-0, 
min 1, of (ý f_Eo go) 
}}. (4.20) 
In order to account for irreversibility, the damage variable is defined as 
d (t) = max {d"" (t')} . 
(4.21) 
tl<t 
The onset stresses and strains are defined by appropriate failure criteria. The final 
strain, e', is defined such that the energy absorbed by the crack formed is correctly 
accounted for, and thus depends on the failure mode predicted. 
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4.3.5 Modelling the matrix failure mode 
After failure is detected (Eqs. 4.2 and 4.4), the traction components in the fracture 
plane are degraded: 
TT <-- (1 - dmat) TT, TL ý-- (1 - dmat) TL (4.22) 
Un e- 1- dmat 
(O'n> 
Qn 
J 
Qn. (4.23) 
Note from Eq. 4.23 that the normal traction component o,  is only 
degraded if it is 
positive, in order to correctly account for the contact between the fracture surfaces. 
The damage variable for the matrix failure mode, dmat, is obtained from Eqs. 4.20 
and 4.21 with the driving strain g,,,, Qt defined later in this subsection (in Eqs. 4.20 
and 4.21, the variables e, e° and of are replaced by errat, c' , and Errat respectively). 
It is noted once again that the variable dmat has the value 0 at failure onset, and then 
grows continuously to 1, as a function of the driving strain, during the numerical 
analysis. In each time step, the operations in Eqs. 4.22 and 4.23 are performed and 
thus the traction components in the fracture plane are degraded smoothly to zero. 
4.3.5.1 Driving strain for the matrix failure mode 
From Eqs. 4.20 and 4.21, it follows that a strain variable errat `drives' the damage 
variable. The history of this strain variable during failure, together with its associ- 
ated stress Q,,, nt, defines the energy absorbed by the failure process. Therefore, 0ma. t 
is the magnitude of the traction in the fracture plane 
Qmat - 
V(an 
+ (Tmat)2 (4.24) 
with the shear component of the traction Tmot defined as 
Tmat = 
J(TT)2 
+ (TL)2" 
(4.25) 
Note in Eq. 4.24 that the normal component of the traction (Q) is only considered to 
contribute to 0mat if or,, is positive. It results that during a compression situation, the 
energy will only be absorbed by the shear traction components, which is intended. 
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The angle of the resultant shear component of the traction, T,,,, at, with the 
component TT (see Fig. 4.4(a)) is A= arctanTL/TT and the angle of the mag- 
nitude of the traction 0,,, t with the shear component Tmat (see Fig. 4.4(b)) is 
w= arctan (a) /T,,,, at. Defining the angles A and w allows the definition of the 
strain driving the damage variable. Before proceeding to the definition of the strain 
variable which drives damage, care has to be taken on the effect of the nonlinearity 
in the in-plane shear strain. Consider a specimen loaded in uniform pure in-plane 
shear. For this case, some energy is absorbed uniformly over all the specimen, due 
to the shear nonlinear (irreversible) behaviour, Fig. 4.4(c). However, at the onset of 
failure, a localized fracture surface starts forming, resulting in further energy being 
absorbed. While the energy absorbed due to the nonlinear shear behaviour is pro- 
portional to the volume of the specimen, the energy absorbed by the fracture process 
is proportional to the area created. Only the elastic internal energy in the element 
at onset of failure contributes to the fracture process. Therefore, a definition of the 
driving strain considering only the elastic part of yab results. 
The elastic strain components acting on the fracture plane are 
En =Z [(Eb + Cc) + (Eb - -c) cos 
(20) + 7bc sin (2q5)] 
7T =- (Eb - ec) sin (20) + -ybc cos (2¢) (4.26) 
7i = 7Qe cos (0) + 7c. sin (0) , 
where the elastic component of the in-plane shear strain is defined as 
ei _ 
Tab 
'Vab - 
ab. G 
(4.27) 
From the definition of the angle A, it follows that the elastic component of the shear 
strain acting on the fracture plane, in the direction of Tma, t, is expressed as 
ymat = (ryTcosA+yL sin AI . 
(4.28) 
From the definition of angle w, the driving strain, acting on the direction of o,,, Qt is 
defined as follows: 
Cmat 
(0'-) 
En sin w +'yma, t cos W. (4.29) 
an 
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Tab 
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t ncr J' 
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mat 
ý/ 
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(a) (U) (c) 
Figure 4.4: (a) Definition of A; (b) definition of w and (c) fracture energy 
for in-plane shear 
4.3.5.2 Onset strain and final strain for the matrix failure mode 
The onset, stress and strain are det('1711ined 11'0111 the value of (711101 a iid ilmut at, 
t, l1(' 
onset, of failure: 
Qmot = 0nnatlf,,,,... =1 
Ematlf_c=1 (1.30 
Following Eq. 4.17 and Fig. 4.3(h), the expression for ý,, iat 
is 
Ef = 
2r (4.31) 
mnt - U7onn t 
Lmat 
The characteristic length L, a, t in Eq. 4.31 
(necessary to define tl1(11) his to he 
determined. For the case when the fibres are aligned with the element, direction, it 
is clear (see Fig. 4.3(a)) that the characteristic length is L,,, nI = 
L2. For a generic 
case, the characteristic length should be such that L,,,,, t -- V'/A, where V is the 
element volume and A is the fractured area, and is given in Appendix D. 
The fracture toughness h in Eq. 4.31 is the last tern) which needs to be de- 
termined. For pure tensile failure (positive u acting alone), F is the mode I in- 
tralaminar fracture toughness. For a carbon-epoxy T300/913, the aiithors have de- 
termined this property using four-point bending tests with pre-cracked specimens, 
and obtained Fb = 0.22 kJ/m2 , see 
Chapter 5. This value is similar to the mode 
I interlaminar fracture toughness for the same material, which can be attributed 
to the similarity in the fracture mode. The situations when either T-j' or Tj act, 
alone result in a pure mode II intralanlinar fracture. It thus seem reasonable to 
extrapolate the previous result obtained for mode I to mode II, in the absence of 
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experimental data, i. e. to use IST = rL = GEI, (where the fracture toughness values 
rT and rL correspond to TT and TL acting alone, respectively; and GII, is the mode 
II interlaminar fracture toughness). 
For a mixed-mode situation (a,,, TrT and TL acting all at the same time), mixed- 
mode criteria developed for interlaminar fracture such as the power-law [11] 
ttJ 
1_ 
1 (4.32) 
Gtý t ()" +( 
', 
can be used here resulting in the following expression for I' 
)Q] -1/a 
00o0l, o o2 ýný" )2) 
+1 
)2) IYTTT 
+1 
el 'o 
r6 \ Emntýmat 
FT 
EmatO'mnt 
TL 
EmntO'mnt 
(4.33) 
For a carbon-epoxy T300/913, the authors obtained a by the best fit of mixed- 
mode interlaminar experimental results as a=1.21. For materials where other 
propagation criteria are thought to be more appropriate than the power law, these 
criteria can be easily implemented in the model, provided they can be expressed 
as I' =f (Fb, I'T, rL, " .. ). In particular, if no mixed-mode data is known at all, a 
simple weighted average of rb, rT and rL might be appropriate: 
/ 
0o 
n/o2' 
l2 
r= I'b ( 
o"` 
)+ rT ( 
oi' + 
rL 
(( 
aL 
J. (4.34) 
\ 0mat /. Qmat \ Umat / 
4.3.5.3 Discussion 
From Eq. 4.31, it results that for very coarse meshes (L,,,,,, t --+ oo), emat tends to 
zero. Therefore, there is' a critical element size at which ef, ýQt equals e°tat, and the 
actual elements should be smaller than that. The physical interpretation for this 
phenomenon is that for a very coarse mesh, it is possible for an element to have 
more elastic energy at failure onset, than the energy necessary for the formation of 
a crack across it. In these situations, the only possibility for the element to absorb 
the correct amount of energy is the strains decreasing as the stresses are degraded. 
However, this is not possible to control via a user-element in an explicit FE code like 
LS-Dyna. In the actual implementation of this failure model, a warning is issued if 
gmat < Emat and the analysis continues with Cmat = errat for the element affected. 
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The consequence is that the elements falling in this category will absorb more energy 
than they should during failure. It is then up to the user to conclude whether the 
results are reasonable (based on the number of warnings), or to re-run the analysis 
with a more refined mesh in the region of the elements affected. 
Finally, for a simple one dimensional problem, or for a situation where Poisson's 
effects are not considered (this is the case for interface or decohesion elements) 
the definition of the damage variable in Eqs. 4.20 and 4.21, with the final strain 
computed from Eq. 4.31 yields the exact energy absorption specified. However, for 
any 3D material model, the stress vs. strain curves do not have to pass exactly 
through the origin due to the Poisson's effect (for instance, for a zero stress in the 
b direction, the corresponding strain Eb will be in general nonzero if stresses are 
already acting in the a and c directions). A small error results from this fact. In 
order to avoid this error in a numerical implementation, the full stress vs. strain 
paths would need to be kept in memory, which seems cumbersome. The error can 
however be quantified and proven to be small, using a particular example. With 
this purpose, consider a carbon-epoxy T300/913 with properties given in Table 4.1, 
which fails due to the stress in the b direction, but which has a constant superposed 
stress as in the a direction, existing since before any loading in the b direction was 
applied. The error in the energy absorbed can be computed for this simple case, 
by considering the area under the eb vs. ob curve. Even for a particularly high 
superimposed stress 5a = 1000 MPa, the error (which is proportional to a. ), is only 
about 4%, considering a characteristic length L=0.5 mm . This aspect warrants 
further investigation in the future. 
4.3.6 Modelling the fibre-kinking failure mode 
Fibre-kinking failure is detected using Eq. 4.5. After failure is detected, the shear 
stresses in the kink-band, Tambm and TT, Pam, are degraded, as well as (depending on 
the sign of aam) the stress normal to the kink band. This is done using a damage 
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variable, dkink: 
Tambm F- (1 - dkink) Tambm, Tcdla. m +-- (1 - (kink) Tc*0m, (4.35) 
QQm 4- 
ý1 
- 
(kink 
(O'am)) 
Oam. (4.36) 
Qam 
The damage variable for the fibre-kinking failure mode, dkink, is obtained from 
Eqs. 4.20 and 4.21 with the driving strain ekink defined later in this subsection 
(in Eqs. 4.20 and 4.21, the variables e, e-° and of are replaced by -ki,, k, ekt,, k and 
Ekink respectively). 
4.3.6.1 Driving strain for the fibre-kinking failure mode 
During fibre-kinking failure, energy is dissipated by the bending and eventual break- 
ing of each individual fibre, as well as by matrix cracking in the kink band. These 
failure processes are associated with the rotation of fibres in the kink band, which 
is due to the shear stress Tambm. Therefore, at the scale of the kink-band, failure 
propagation is controlled by the driving stress Cjcink = Tavnbm. Proceeding like before, 
the inelastic component of 'lab is not considered for the driving strain, which is thus 
defined as Skink = y4mbm, where ryl Lbm is obtained by 'rotation of the elastic strains 
(ryab replaced by ryQb as defined by Eq. 4.27). 
4.3.6.2 Onset strain and final strain for the fibre-kinking failure mode 
The onset stress and strain are defined as 
0 skink - Okinkllfkink=1' 6k0ink - 
IEkinkllfk: 
fk=1 
(4.37) 
and the expression for the final strain ekink is 
f 2rink 
Skink -o (4.38) Ckink Lkink 
The characteristic length Lkink in Eq. 4.38 is determined in Appendix D for a 
generic orientation of the kink band within a brick finite element. 
Finally, the energy I kink can be obtained by experiments. Soutis and Curtis [152] 
loaded a plate of carbon-epoxy T800H/924C with layup (0,902i 0)3S containing a 
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central crack in compression. From their work, it can be concluded (see Chapter 6) 
that the critical energy release rate for kinking, for T800H/924C, is about 76 kJ/m2. 
For another material, T300/913, the author of this thesis carried out tests using 
Compact Compression Specimens (CCS are like Compact Tension Specimens (CTS), 
but loaded in compression), having obtained rkink = 79.9 kJ/m2, see Chapter 6. 
4.3.7 Modelling the tensile fibre failure mode 
Fibre tensile failure is predicted using the criterion expressed through Eq. 4.1. When 
this criterion is fulfilled, the material response is changed to account for the changes 
in the structure, i. e., the catastrophic behaviour observed in experimental tests: 
{Tab, Tbc, Tca} #- 
(1 
- dit) 
{Tab, Tbc, Tca} and (4.39) 
o; <- 
(1 
-d ft 
Lo`) ) 
of with i=a, b, c. (4.40) 
The damage variable for the fibre tensile failure mode, dit, is directly driven by 
the strain Ea, since the fibre tensile failure criterion is a function of only 0a. It is 
obtained from Eqs. 4.20 and 4.21 (with the variables e, e° and of replaced by Ea, Ca 
and eä respectively). 
The onset stress and strain are defined as 
ýý = QQI fft_1, Cý = enl fft_1. (4.41) 
The final strain e is defined as 
If = 
2rr° 
(4.42) 
QQLa 
where r. and L. still have to be determined. The determination of L. is presented 
in Appendix D. The fracture toughness associated with the fibre tensile failure mode 
(ra) was obtained by the authors using CTS for a carbon-epoxy T300/913 as r. = 
91.6 kJ/m2, see Chapter 6. 
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4.4 Mesh dependency 
The formulation presented should avoid the mesh dependency characteristic of most 
failure models. Fig. 4.5 shows four different meshes for a square specimen, loaded by 
an uniform tensile stress in the b direction (by imposing a uniform displacement). 
Mesh (a) consists of a single element, while meshes (b), (c) and (d) have 32,92 
and 272 elements respectively. No artifice is used to trigger failure at any specific 
location, or along any particular direction. 
It can be seen from Figs. 4.5(b)-(d) that fracture is always predicted in a band 
normal to the loading direction, as expected, and is always smeared over the width of 
one element. Moreover, the load-displacement curve (and thus the energy absorbed) 
is independent of mesh refinement and of the width of the failed region, as shown in 
Fig. 4.5(e). This is an important feature, given that complete failure takes place. 
A final aspect is worth mentioning. This FE formulation avoids pathological 
mesh dependency in the energy absorbed. However, with this FE formulation, as 
with any other standard FE formulation, the volume of damaged material is still 
mesh dependent. This aspect is a shortcoming of the FE method in representing 
reality, and is a consequence of the spacial discretization of the continuum. For 
complex structures, the effect of the mesh is expected to be particularly noticeable 
when the dimension over which failure is smeared (dependent on mesh size) is not 
negligible in comparison to other dimensions of the structure. The need for refined 
meshes to capture the correct damage zone/ path is similar to the need for refined 
meshes to capture the correct stress gradient. 
4.5 Applications 
4.5.1 Standard tests 
The ability of the material model implemented in LS-Dyna [1] to reproduce the 
physics of shear and compression failure is here assessed. Standard experimental 
tests were carried with carbon-epoxy T300/913 (see Appendix A). The numerical 
models presented in this sub-section reproduce the geometry of specimens that were 
CHAPTER 4. IMPLEMENTATION OF A SAIEAI? D FAILURE MOI)EL 101 
p. 
Ih 
(<i) (h) (c) 
Load (kN) Mesh (a) 
" (b) 
(c) 
(dl 
0 ---- -- i_- 
Uispl. (mm) 
p 0.05 UJ 0.15 
(e) 
Figure 4.5: Models with different, niesli densities; the failed elements are 
identified by a lighter colour; (a) shows the material axes; (b), 
(c) and (d) show the fracture planes: (e) load vs. displacement 
curves for different mesh refinement levels 
actually tested, and use the material properties Obtained. The objective is to assess 
the model's capability to predict the main failure features observed experimentally, 
such as the inclined fracture for the transverse compression test., the +45 ° failure for 
the shear specimen and the kink-band formation for the longitudinal compression 
specimen. Note that none of these features is directly included in the model. 
The elastic properties and strengths, obtained experinientally, are presented ill 
Table 4.1. The experimental in-plane shear stress vs. strain curve was used as 
input for the numerical model, the Poisson's ratio vb,, was obtained aýs 0.021 and the 
fracture angle for pure transverse compression was measured as 0, = 53 °. Ilet;, irding 
the through-the-thickness (c) direction, the composite was assiuned transversely 
isotropic, with vr,, = 0.4. The shear modulus G,, n was taken as, 
beint; equal to 
the (initial) in-plane shear modulus (Gab), and the Poisson's ratio as i1h,,. The 
intralaminar toughness was measured experimentally using . 1-point, bending tests as 
Fb = 0.22 kJ/m2 , and 
rk ink and F0 were obtained using CTS and GCS as Fk2, a. = 
79.9 kJ/rn2 and Ta = 91.6 kJ/nie' respectively, see Chapters 5 and 6. The toughness 
values FT and IL were taken as the mode II interlamnimiar fracture toughness for the 
same material, FT = I'1, = 1.1 kJ/m2 , see 
Appendix 13. 
In all the examples that follow, an element, with slightly lower strength wams used 
to trigger failure close to the middle of the specimen. 
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Table 4.1: Mechanical properties of T300/913 and HSC/913 
Material Ea Eb Cab Xt XX Y Yc Sab 
(GPa) (GPa) (GPa) (MPa) (MPa) (MPa) (MPa) (MPa) 
T300/913 132 8.8 4.6 2005 1355 68 198 150 
HSC/913 130 9.2 4.6 1650 1100 60 200 100 
4.5.1.1 Modelling shear failure of a (±45)85 test specimen 
Shear tests were carried with (±45)85 specimens (angles relative to the loading 
direction), tested in tension, according to the appropriate ASTM standard [153], 
see Fig. 4.6(a). The shear stress vs. strain curve was nonlinear almost from the 
beginning of the test, but no strain localization was present until immediately before 
final failure, which happened at a shear strain of about 25%. The data reduction 
was done according to the ASTM standard [153], but, in order to obtain the full 
strain vs. stress curve, fibre scissoring and width reduction were taken into account. 
(Fibre scissoring was taken into account by considering the current orientation of 
the fibres in the data reduction (affected by the shear strain), rather than assuming 
that they remain at 45 °. The applied stress was calculated by dividing the load by 
the current cross-sectional area, where the reduction in width was computed using 
the strains from the transverse strain gauge. ) 
An FE model of part of the specimen, containing the failed region, is presented in 
Fig. 4.6(b). The model has the same dimensions as the actual specimen-except for 
the length, which is smaller. The model has 16 solid elements across the thickness, 
in order to simulate each layer individually. The ±45 ° failure can be observed in 
Fig. 4.6(b), and results from the damage variable affecting the local shear traction 
components in the predicted fracture plane, within each element. (In fact, when the 
shear stress is reduced at some angle , 0, it is also reduced at an angle /j + 90 °. This 
may give rise to unrealistic failure patterns, and is a feature typical to CDM-based 
models. ) The numerical load vs. displacement curve is compared to the experimental 
in Fig. 4.6(c). The experimental displacement was computed by multiplying the 
strain in the longitudinal strain gauge by the length of the numerical specimen. 
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Figure 4.6: (a) Shear specimen; (b) model of time shear speeiinen; (c) exper- 
imental and numerical load vs. (iist)lact1uient, ("iirvcti 
For the good agreement obtained, the consideration of fibre scissoring and width 
reduction in the data-reduction were key factors, as well as the FL, code's c 
to handle large rotations appropriately. 
4.5.1.2 Modelling matrix compression failure 
Pure transverse compression tests were cm-rie(1 out,, ; und it typical fracture sur1iu 
is shown in Fig. 4.1(b). Fracture occurred at. an angle of 53 ° with tIme tliickuess 
direction. A numerical model of this specimen was created, and is shown in Fig. 4.7. 
The fracture angle predicted by each failed element., available as it history variable, 
is 53 °. This correct prediction is a consequence of the unat, rix compressions failiire 
criterion, expressed in Eq. 3.19, being maximized for this angle, when time material is 
subjected to pure transverse compression. The angle of the bind of failed immaterial 
(smeared fracture surface), which can be observed in Fig. 1.7, is about, 50°. In 
this case, the correct prediction results frone the shear traction coiuponent. s beint; 
degraded in a coordinate system aligned with the predicted fracture plane. If tIt(, 
failed elements in this example had been deleted iuniiiediately after they failed, the 
contact between the fracture surfaces would have not been properly modelled during 
the propagation of the fracture surface (failed band) across the specimen. 'I'll(, math or 
has observed this to affect, the angle of the failed band observed in the numerical 
246 
1)ispltu; erneut (inm) 
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l 
il 
Figure. IT Model of the transverse co>npression tent Specimen 
specimen. 
4.5.1.3 Modelling fibre compression failure 
The formation of kink hands at a small angle /i wit-11 the normal to the loading 
direction is predicted by the model, as a result of the ºla. mage variable acting on the 
shear stress in the misalignment frame. For T300/913, the author has observed it, 
to be about 25 ±5° for out-of-plane kinking in C'C; S (see Chapter 6), and 20 +5° 
for standard axial compression specimens with in-plsne kinking, Fig. 4.8(a). Fig. 
4.8(b) shows the FE mesh of an axial compression specimen, with the corresponding 
loading. The formation of the kink band can be observed in Figs. 4.8(c) to (e). The 
predicted kink hand angle is about, 15 °. After the kink band is formed, further 
loading leads to kink-band broadening, as observed iii Fig. 4.8(e). 
Kink fronts have been reported to reorient themselves natura01y, as they prop- 
agate, before stabilizing in a /3 direction (154] and the tip of kink bands to lie at 
different angles than the rest of the kink band ]155]. 7'liese observaations eniph<isize 
the role of damage propagation within the kink bail(], for the cleiinit ion of its final 
orientation. Turning to the numerical model, the kink hand orientation observed 
in Figs. 4.8(c) to (e) is never predicted explicitly, and is the result, of the shear 
traction component being degraded in the inisaligninent coordinate System, whose 
orientation is updated during damage propagation. The author Zias observed that, 
not updating the misalignment frame (where the traction components are degraded) 
results in a smaller angle predicted. 
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Figure 4.8: (a) Left half of a failed longitudinal compression test, specinrcn; 
(b) model of the same specimen; (c) to (e) formation of a kink 
band and kink-band broadening 
4.5.2 Crush of cantilever column specimens 
In this sub-section, the numerical model is applied to simulate the crushing of com- 
posite columns. Cantilever coltunn, were inaºnifact, iired to a nominal thickness of 
lnim , 
free length of 5mm and width 10m1n , and were quasi-stat, 
i(ahl. v c"rnshed by 
a metallic surface (coated with a PTFE spray) with am inclina. tion of 2 °, as shown 
in Fig. 4.9. Two different, situations are studied. The first uses the 7300/913 
material system with a (-452,452), 5 layup. The second uses previous experimen- 
tal results from Davies [1561, corresponding to a HSC/913 material system with it 
(-45,0,90,45)s layup. 
The complexity of this type of problem is coiisideral)IV greater than in the previ- 
ous examples, particularly after the pcid, load is attained. Furthermore, the problem 
is markedly chaotic, in the sense that sm all variations fron one Specimen to ilie other 
or in the loading and boundary conditions result, in (haulage localizing in 'liflenent 
parts of the specimen, and in different, load vs. displacement curves', most nokahly 
after the peak load. However, there should be it common pattern to the form in 
which all specimens fail, as well as in the had vs. displacenieiit curves. 
4.5.2.1 T300/913 with (-452i 452)S layup 
The failure mode of the T300/913 specimens with (-45. ), 1 2)s layup observed ex- 
periinentally was similar for all specimens, even though damage (wild localize in dlif- 
ferent regions for different, specimens. It, consisted of a small crushed region formed 
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ý 152,452)S laininat, l' 
- 15,0,90,45)5 la. iniuat, e 
Figure 4.9: Rep resent. ation of the column being crushed by a rigid surface 
next to the loading surface; crushing at 45 ° to the loading axis oil the surfaces of 
the specimens; and delanlinations at the interfaces between the +15 ° hlirs. 't'hese 
features can he observed in Fig. 1.10(a) and (h). 
The numerical analysis of this problem also proves to be chaotic- siiiall vari- 
ations in certain input parameters to the nunierica. l tilt tlel result ill a completely 
different output, at the end of the analysis. For this reason, instead of' conipar- 
ing an experimental load vs. displacement curve with it numerical one, a cloud 
of experimental points corresponding to the 23 colunºns tested is compared to a, 
cloud of numerical points, corresponding to several ninnerieal analyses, in which 
two different values were assigned to a number of parameters. More specifically, two 
different levels of mesh refinement, were tried (1 and 2 elements per ply thickness), 
two different velocities of the impacting surface (50(min/s and S000nini/s, the ki- 
netic energy in the model was negligible compared to the internal energy for hotli 
situations), two different impact angles (2 and 2.5 °), two diihwent metallic surface/ 
composite column friction coefficients (0 and O. 05), and two different approaches to 
deal with failed elements. Concerning this last point., failed elements (particularly 
those in contact with the impacting surface) have to be (leleledl at some point in 
the analysis, because they typically develop excessive deforniations which leid the 
numerical analysis to break down. However, there is no clear solution as to when to 
remove these elements from the analysis. Here, two possibilities were tried: deleting 
them immediately after they have failed completely (E = 1) and keeping the failci1 
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450 failure 
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Figure 4.10: T300/913 composite coliu>>>i with ( -=15.,, 452) S IaYli) (a) before 
crushing and (l) being crushed 
elements in the analysis until &=M. Many other parameters ouhi have also been 
subjected to variation, but, the ones studied already result in a considerable nundwr 
of combinations. 
Two different pictures of deformed numerical models are shown in Fig. A. H. 
It, can be observed that the fºýrºrnation of debris is successfully sinººtlateºl. '1]i 45 ° 
failure patterns on the surfaces ºlo appear iºº the ºt>>nterical model, even though 
the clear formation of it distinct fracture lüie as observed in the experiments is not 
totally reproduced. However, probably the biggest aclilevement. of' the model Is Hie 
prediction of delaniination in the ±45 ° interfaces, which is it direct, result of the 
ability of the matrix failure criterion to search for potential fracture ph1nes. 
The two clouds of points corresponding to the experituetºtal and numerical lOatd 
vs. displacement cu ves are presented in Fig. 112. It can be ol» erved that the 
numerical results have higher initial stiffness than the experimental ones. This is 
believed to he essentially due to the compliance of the expminmifal lixt, ure. III(, 
maximum load is particularly well predicted. The over-pre(lictioII of the hmd after 
the peak is essentially due to the growing complexity of the interaction between t ]Ie 
debris being f(>riiied 
y Ký ýý? 
,, F .ý 
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±45° Pattern I) l: wuüiati )11 
Figure 4.11: Numerical model of the T300/913 composite collillill with 
(--952,452)s la, yiip being (rushed 
rigid surface and the failing/failed elements, and suggests that further developmeliIs 
of the post-failure behaviour are needed. 
4.5.2.2 HSC/913 with (-45,0,90, X15) s layup 
For the HSC/913 specimens with (-45,0,90,15)s lavup, the failure lnuýlc w, ý, ti n' 
ported as consisting of two main clclaminations in the 0/90 ° interfaces, as well . us 
matrix fracture in the outer -15 ° layers along the fibre (Iirection [156]. The iii- 
plane mechanical properties of HSC/913 are given in Table I. I. For the iii-plane 
shear response, the full stress vs. strain curve was not available, an(l so the curve 
for T300/913 was used, since the matrix system is the same. As before, in order to 
define the through-tlie-thickness properties, the material was assumed transvcrsely 
isotropic. The fracture toughness values for the different failure modes for this ma- 
terial are not. known, and thus the values for T300/913 presented earlier were Iise(I, 
and a sensitivity study running models with Fn, FT, I'L, and Pk ink at, +1(X of their 
respective nominal values (hn was not, considered because fibre tensile failure did 
not, occur; this leads to 1+2x4=9 numerical models in total) was perfornied. 
Debris being formed 
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Figure 4.12: Experimental and nuillerical load vs. ºlispla cillent curves cor- 
responding to the T300/913 colºuuns with l, ºvººp 
being crushed 
To capture the stress field accurately, two solid elements across the thickness u, f 
each composite ply were used in We nuºnerical ºuociel, presented in Fig. 1.13 (Hie 
colour map shows matrix failure). The matrix fracture in the outer plies is correctly 
predicted. The delamination in the 0/'90 ° interfaces is approximately sininlated by 
the matrix failure in the 90 ° plies (the ºnatrix fracture plane predicted by these failed 
elements is parallel to the O/M) ° interfaces). Fig. 4.1 1 shows the experi uentA l)euk 
load and mean post-crushing load for different, specinºens tested (as well aas average 
and standard deviation), and the numerical results corresponding to the 9 miii rich] 
models mentioned. While the mean post. -crushing loin is rea. sonicl>1y predicted, 11)(' 
predictions for the peak load are particularly good. It can lie further notice(( dint, 
small variations in the fracture toughness did not affect visibly time peak NO, l)ººt, 
did affect the mean post-crushing load. The numerical ºnodel also seems to slightly 
over-predict. the mean post-crushing load, which 1iiit; lit, he (tile to the del<iminatiolis 
in the 0/90' interfaces not being properly modelled. Since these can be modelled 
using decohesion elements, this suggests that sonic inil>rovenment might, he achieved. 
A layer of decohesion elements is used in the 0/90 ° interfaces to investigate 
0.05 (1.1 U. 15 (I2 025 
(1 (wu1) 
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Figure 4.13: Numerical model of the HSC/913 coliiiuii with (--45,0,90, l5), ti 
layup being crushed 
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Figure 4.14: Experimental (from [156]) and rntnnerical load vs. displace- 
ment curves corresponding to the HSC/913 coliunns with 
(-45,0,90,45)5 lavtip being crushed (without using clecohe- 
sion elements) 
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Figure 4.15: Numerical model of the 11S(7913 column with (--. 15, U, 99,15)5. 
la. yup being crushed, using (iecollesion eleniernl, s 
whether this brings an improvement, on the predicted failure mode (Fig. 1.15) 
and post-crushing load (Fig. 4.16). It, can he observed from Fig. 415 that, the 
delamination is now predict. e(l, which results in a reduict. ion of the post. -crushing load. 
Using decohesion elements, the post-crushing load is now slightly under-pre(Iicte(l, 
Fig. 4.16. 
4.6 Conclusions 
This work denionstrates that the current FE model cane reproduce the key physi- 
cal aspects observed in the failure of laminated composites, provided Iimt. sound, 
physically-based failure criteria are iinplemented, and that Iailiune propagation is 
handled appropriately. The failure-models implenieiitation is 31), and allows the 
user to incorporate any in-plane shear curve directly. In addition, the p<atliological 
mesh dependency characteristic of CDM niudels is avoided using << smeared forinimla- 
tion. Finally, all parameters used in the model have clear physical ineaniiig, and this 
chapter briefly identifies how they can be obtained fron simple tests (a coniplete 
description of the fracture toughness tests for intralaminar in; it rix fracture is given 
in Chapter 5 and for the fibre-dominated failure modes in Chapter (; ). The eXani2)les 
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Figure 4.16: Experimental and numerical load vs. (lispla(eiuent curves 
corresponding to the HSC'/913 columns with (--45,0,90,45).,; 
layup being crushed (including models with decolhcsion ele- 
ments) 
presented suggest that it might be beneficial to use this failure model together with 
decoliesion elements in order to model de1aniination more acciu-ately. 
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Chapter 5 
Developing a four point bend 
specimen to measure the mode I 
intralaminar fracture toughness 
5.1 Introduction 
This chapter is concerned with the measurement of a particular intralaminar fracture 
toughness of unidirectional laminated composites. This toughness is the resistance 
to a crack growing in the thickness direction of the laminate, labelled `transverse 
intralaminar crack growth' in Fig. 5.1. It is important for material characterization 
and for numerical modelling. Currently, there is no standard test to determine this 
property. 
Different testing methods have been used to measure the intralaminar fracture 
toughness of laminated composites. The test methods most commonly used are 
the centre-notched tension [157], surface-notched tension [157], Compact Tension 
(CT) [157-161], Three Point Bending (TPB) [157,158,162,163], Four Point Bending 
(FPB) [164,165], double edge notch [163], double cantilever beam [166] and the 
wedge insert fracture [167]. Investigations into size effects for the CT specimen 
[157] and for the FPB [165] concluded in both cases that the effect of specimen 
dimensions did not affect the fracture toughness appreciably. Furthermore, Garg 
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Figure 5.1: Transverse an(l longitudinal inti hiniiiar crack growth 
[157] compared the fracture toughness obtained using 'l'P13 mid ( nl specimenns, : und 
observed good consistency. 
An important characteristic exhibited by soiiw iuºidirect, ional composil, es IS (I'll 
increasing R. curve in the intralaminar toughness which has been attributed to fi- 
bre bridging [163,166]. In such cases, it, is usual to take t lie initiation toughness 
value for use in design as this is conservat, ive. 'I'll(, accurate iiieasuireuneiut of' time 
initiation toughness is therefore a key requirement, of all iiit. ral niiw toughness test 
and it has been shown that, a poor initial pre-crack (-(in lead to au ,u ti(icially high 
initiation toughness [159]. However, it is more difficult to lilt nmlmv .i sound and 
sharp intralaminar pre-crack than to introduce an interla. uiiumar one, dne to lime Liv- 
ered structure of the material; the nwanufact, ure of specimens witli pre-cracks foiuiied 
during the layup and the cure process presents some technical difficulties, while the 
introduction of a pre-crack after manufacture of the lain mate (-; in cause damage 
around the intended crack tip. 
In order to introduce an intralauninar pre-crack into it cured composite, hreil(liiIig 
tools [160], wire-blade saws (0.1 mm thick) [163], jeweler saws (0.35 min thick) 11571 
and razor blades (0.06 - 0.1 nein thick) [159,161,165,168] have all been used. 11(ex- 
ever, it, has been found that introducing the crack inechanicadi. v after the composite 
has been cured provokes dam age ahead of the crack t. ip, which (,, in compromise i. he 
toughness values obtained [165,168]. 
To produce i, pre-crack during layup, previous work [164] has investigated aip- 
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plying a PTFE spray onto a cut made along the fibre direction in the pre-preg 
assembly (not to the full thickness of the pre-preg assembly), prior to cure. How- 
ever, the PTFE spray failed to prevent the sides of the pre-crack from sticking 
together in the cured laminate, because of small movements of the plies during the 
cure process. A plastic release film placed into a cut in the prepreg assembly was 
later tried [165,168,169] instead of the PTFE spray, but the resulting pre-cracks 
were not straight and resin pockets often occurred at the crack tips. Finally, the use 
of a razor blade coated with a release agent, which was inserted into the pre-preg 
assembly and held in that position during cure, was investigated [165]. The pre- 
crack obtained was straight and sharp, but considerable distortions in the layered 
structure of the composite were present, as a result of the introduction of the blade 
and the mechanical constraint imposed by the blade during the cure. 
In this work, the FPB test is used to measure the intralaminar fracture toughness, 
because of its simplicity and accuracy. The test method is briefly described and the 
investigations conducted into the manufacture of a sound, embedded pre-crack are 
presented. The tests carried out are then described and the results are presented 
and discussed. 
5.2 Test method 
The FPB test, adopted in previous work [164,165,168,169] to determine the in- 
tralaminar fracture toughness of laminated composites, is used here. The test spec- 
imen, together with the loading conditions, is presented in Fig. 5.2. The test 
specimen is composed of a unidirectional laminate, with fibres aligned in the width 
direction of the specimen. The nominal dimensions of the specimen are 140mm in 
length, width w= 10mm, and thickness h= 3mm. The distances L and c in Fig. 
5.2 are L= 60mm and c= 30mm. 
The critical stress intensity factor is defined as [170] 
3Pc r7ra Ktc f (a/h) (5.1) = 
wh2 
where P is the total applied load at failure (the crack growth is unstable in this 
CHAPTER 5. DEVELOPING A FOUR POINT BEND SPECIMEN TO 
MEASURE THE MODE I INTRALAMINAR FRACTURE TOUGIINESS 117 
f Fibre 
P/2 P/2 (lirect, ioii 
normal to 
the ])1(t. lU 
(L 
L 
IJ 
Figure 5.2: Four point bending test specie nen and loading 
test), a is the length of the initial pre-crack, and f (a/h) is defined })1' 
f(a/h) =1.12-1.39(0+7.32()2 1; 3.1ý1ý, 
ý 
+lýl. f)ýIrý (5.2) 
Assuming plane stress, the. critical energy release rite iti Obtained from the cris i(nll 
stress intensity factor at the onset of crack propagation as 
K2 r /c ( 
where Eb is the transverse modulus of the UIii(lirectioinal Ia11iiua, te. 
5.3 Manufacture 
5.3.1 Material systems used 
Two different carbon-epoxy unidirectional pre-prei; sv-lenns were 11sed. Hie system 
HSC/ SE84LV (produced by SP Systems) was used fier most, of the tests and '1'30O/ 
913 (produced by Hexcel), was also used to confirm t, liat the process to insert, t, 111' 
crack into the laminate could be replicated with other materials. Both materials 
were cured according to the instructions frone the respective suppliers. For the first, 
material system, a consolidation cycle was also performed in 5onle instance", (as 
detailed later), and this also followed the instructions fromme the, supplier. 
The single material property needed for the data reduction iS time in-plane t ranns- 
verse Young's modulus, which was determined using standard tests: Ei, -- 820UNIFa 
for the SE84LV/ HSC, and Ei, = 8800MPai for the T300/ 913. 
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5.3.2 Manufacture of the test specimens 
Laminates with dimensions 200mm x 200mm were manufactured by laying up 24 
layers of prepreg. The thickness of each panel was nominally 3mm. Depending 
on the method to introduce the pre-crack into the pre-preg assembly, some panels 
were manufactured by first stacking up together two or three sub-assemblies. All 
laminates were unidirectional, with the pre-crack running at the mid-length position, 
parallel to the fibres. 
From the panels, specimens for FPB tests were cut using a wet saw. As noted 
earlier, the nominal dimensions of the specimens were 140mm in length, 10mm in 
width, and 3mm in thickness, with the fibres and the pre-crack oriented along the 
width. The actual width and thickness of each specimen, necessary for the data 
reduction, were obtained by averaging three individual measurements. 
5.3.3 Introduction of the crack tips 
Two different approaches to introduce the pre-crack into the laminates were inves- 
tigated. In the first one, a plastic non-stick film was used to separate the two sides 
of the crack (Fig. 5.3(a)) and in the second one, a metal blade coated with release 
agent was used (Fig. 5.3(b)). The plastic film was a fluoroethylene polymer film, 
with a thickness of 0.0125mm, and the metal blade was composed of a row of steel 
razor blades, with nominal thickness 0.08mm. (The thickness of the blade at the 
sharp tip was considerably smaller than 0.08mm). For the metal-blade approach, 
two aluminium plates were used, which held the razor blades so that the depth of 
the protruding blade was 0.625mm in one case and 1.00mm in the other, see Fig. 
5.3(b). 
In previous work [164,165], the film and metal-blade approaches have not con- 
sistently produced good quality cracks. In the current study, several variations of 
both approaches were investigated in a systematic way to identify the best method 
to produce pre-cracks of good quality. A description of all methods investigated to 
introduce the intralaminar pre-crack is now presented. 
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Method A This method uses the plastic-film approach. From the 24 layers that 
constitute the final laminate, part of them are stacked together in one sub-assembly, 
and the remaining are stacked together in another sub-assembly. (The number of 
plies in each sub-assembly depends on the required depth of the pre-crack. ) The 
first sub-assembly is cut at the mid-width position, along the fibres, using a scalpel. 
One half of it is then positioned carefully on top of the second (uncut) sub-assembly, 
allowing the non-stick film to be positioned as shown in Fig. 5.3(a). The positioning 
of the film requires great care to avoid wrinkles of the film at the crack tip, and to 
obtain a crack of uniform depth. The second half of the first sub-assembly is then 
very carefully positioned next to the film. Care in positioning the second half of the 
first sub-assembly is essential to avoid gaps adjacent to the film. 
Method B This method uses the metal-blade approach. From the 24 layers that 
constitute the final laminate, part are stacked together in one sub-assembly, and 
the remaining are stacked together in another sub-assembly. The first sub-assembly 
is cut in the middle, along the fibres, using a sharp scalpel. Both halves are then 
carefully positioned on each side of the metal blade on the aluminium plate, as 
shown in Fig. 5.3(b). Attention must be paid to avoid, as much as possible, any gap 
between the laminates and the blade. The second sub-assembly is then positioned 
on top, taking care not to move the two halves of the first sub-assembly. 
Method C This method also uses the metal-blade approach. The 24 layers are 
stacked together to form a single pre-preg assembly. The pre-preg assembly is then 
positioned on top of the aluminium plate holding the metal blade as shown in Fig. 
5.3(c). Very carefully, pressure is manually applied on the pre-preg assembly to force 
the blade to penetrate it, and the upper part of the rig is finally positioned on top. 
Method D This method uses the metal-blade approach. From the 24 layers that 
constitute the laminate, two sub-assemblies are laid up. In order to create the pre- 
crack, the first sub-assembly is cut at the mid-width position, parallel to the fibres, 
using a scalpel as shown in Fig. 5.3(d), but the two halves are not separated. The 
second sub-assembly, with the remaining layers, is then placed on top of the first 
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sub-assembly. Since the two halves of the first pre-preg assembly were not separated 
after they were cut, this process leads to a very small and uniform gap between the 
two halves, dependent on the thickness of the scalpel only. Fixing the first sub- 
assembly to the working surface before performing the cut facilitates the operation, 
as it prevents the relative movement of the two halves of the first sub-assembly. A 
small pressure can be applied on top of the second sub-assembly to improve the 
adhesion to the first one, and this also results in a reduction in the width of the gap 
created by the blade. The pre-preg assembly is then lifted off the lay-up surface and 
is bent gently so that the gap created by the cut is widened and this is carefully 
positioned over the razor blade held in the aluminium plate, as shown in Fig. 5.3(d). 
The upper plate is then positioned on top. 
Method E This method uses the metal-blade approach. The 24 layers that con- 
stitute the laminate are stacked together in three different sub-assemblies. The first 
sub-assembly, shown in Fig. 5.3(e) is fixed to the table using tape. On its bottom 
side, a backing sheet is used (with a few layers of tape to reinforce the backing sheet 
at the intended cut position) to prevent the two halves from separating after the 
cut shown in Fig. 5.3(e) is made with the scalpel. As before, the cut is made along 
the fibres, at the mid-width position. After the cut is made, a backing sheet is posi- 
tioned on top of the (first) sub-assembly, so that it can be moved more easily without 
separating the two halves. Very carefully, the two halves of the sub-assembly are 
detached from the table and turned over. This operation requires particular atten- 
tion, since the two halves are linked together by the backing sheets (and tape) only. 
The two halves are again fixed to the table and the backing sheet (with tape) that 
is now on the top side is removed, so that the second sub-assembly can be stacked 
on top of the first one. The process just described might seem complex, but it pro- 
duces a geometry for the cut that more closely matches the shape of the blade in 
the plate (i. e. the cut is widest at the lower surface and narrower at the crack tip, 
as indicated in Fig. 5.3(e), and in contrast to Fig. 5.3(d)). The same result can in 
principle be achieved more easily, by using equipment that controls accurately the 
depth of the cut instead of performing it manually. Fig. 5.3(e) represents how the 
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two sub-assemblies are then bent to facilitate placing them over the mounted razor 
blades, after which they are fixed to the plate (at the edges, using tape), to avoid 
any motion between them and the blade. The third sub-assembly is carefully posi- 
tioned on top, followed by the upper part of the aluminum rig. Using this method, 
the third sub-assembly does not need to be bent, which is intended to reduce any 
distortion in the pre-preg layers due to bending. 
Method F This method uses the plastic-film approach, and follows the same steps 
from method E until the first and second sub-assemblies are stacked on top of each 
other (i. e. with the first sub-assembly having been cut along the mid-width, parallel 
to the fibres). The two sub-assemblies are then turned over again, so that the cut is 
on top. This process is represented in Fig. 5.3(f), but the `turning over' operations 
are omitted in the figure for simplicity. The assembly is then slightly bent, to 
facilitate the introduction of the plastic film in the gap. The third sub-assembly is 
then added below the second, and the whole is positioned between two aluminum 
plates. 
5.4 Discussion of the suitability of each method 
to produce satisfactory crack tips 
5.4.1 Comparing the plastic-film and metal-blade approaches 
(methods A and B) 
The first goal of this work is to compare the ability of the plastic-film and the 
metal-blade approaches to produce satisfactory crack tips. For this purpose, two 
composite plates were manufactured following methods A and B. 
A micrograph representative of the pre-crack obtained by method A (film) is pre- 
sented in Fig. 5.4(a). It can be observed that the crack obtained is not straight, and 
the orientation of the crack tip is not in the intended crack direction (i. e. vertical in 
this figure). The waviness is probably caused by small movements of the plies during 
the cure process. Resin pockets at the crack tip have been reported in a previous 
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study using the film approach [165], but none were observed in the specimens mi- 
crographed in the current investigation. For the laminate manufactured by method 
B (metal blade), the aluminium plate with a 1.00mm protruding blade was used. 
The sub-assembly to be cut along the fibres (first sub-assembly) had 8 layers, and 
the other (second sub-assembly) comprised the remaining 16 plies. When removing 
the laminate manufactured by method B from the blade fixture, the laminate broke 
but this did not prevent the micrographic examination of the crack obtained. From 
the micrograph shown in Fig. 5.4(b), it is clear that significant movement of the 
plies has occurred. 
For the plastic-film approach, it is not obvious how to overcome the waviness 
of the crack, or how to modify the method to obtain a sound crack tip. On the 
other hand, it was thought that for the metal-blade approach, modifications in the 
manufacturing method could lead to improvements on the crack tip quality and so 
methods C-E were investigated. The distortion of the plies next to the crack was 
believed to result from two factors: the reduction in thickness due to consolidation 
during the curing and any gap between the sub-assemblies and the blade, due to 
the manual positioning, that may have enabled excessive movement of the plies to 
occur during cure. It was not clear however how much each factor contributed to 
the final distorted shape of the layers next to the blade. 
5.4.2 Alternative metal-blade approaches 
5.4.2.1 Mounting the blade by pressure (method C) 
The effect of the reduction in thickness on the distortion of the layers mentioned 
in the previous sub-section for the metal-blade approach can be reduced by pre- 
consolidating the sub-assemblies that constitute the pre-preg-so that the blade 
might be inserted to a depth that is closer to the final one, and less movement 
occurs during the curing process. The possibility of a gap between the blade and the 
layers of composite can be avoided by forcing the blade into the pre-preg assembly. 
For this purpose, method C was used with pre-consolidated sub-assemblies and the 
aluminium rig with smaller outstanding blades (0.625mm). 
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Figure 5.1: Pre-cracks obtained using nietlind (aa) A, (h) 13, (c) C, (H I) 1), 
(e-1) E, (c-2) E, (e-3)E and (f) F 
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A micrograph representative of the crack tip obtained is shown in Fig. 5.4(c). 
It is clear that mounting the blade by pressure resulted in empty regions at the 
root of the blade that were filled by resin during the cure, resulting in considerable 
distortion of the layers. 
5.4.2.2 Mounting the blade by bending the pre-preg assembly (method 
D) 
The distortions obtained when mounting the blade by pressure suggested that it 
seemed possible to achieve better results if the blade was not forced through the 
pre-preg assembly. This led to the idea that bending the composite in order to insert 
the blade could be beneficial, resulting in method D to manufacture the crack. Since 
the effect of pre-consolidation could not be assessed in the previous trials due to the 
poor quality of the cracks obtained, two plates were manufactured by this method 
with pre-consolidation used for one. 
The distortion of the plies next to the blade for cracks introduced by method 
D was found to be reduced but still significant, as shown in the micrograph in 
Fig. 5.4(d). Also, pre-consolidating the sub-assemblies did not appear to have a 
noticeable effect on the crack tip quality. 
During the manufacture using method D, it became evident that, due to the 
profile of the scalpel used to cut the sub-assembly, a small gap would result between 
the pre-preg assembly and the razor blade, close to the crack tip. This feature is 
exaggerated in Fig. 5.3(d) for better understanding. However, it was not clear how 
much this aspect contributed to the observed distortion of the layers. 
5.4.2.3 Mounting the blade by bending the pre-preg assembly in a mod- 
ified way (method E) 
It was thought that the small gap between the pre-preg assembly and the blade, 
at the crack tip, that resulted from using method D could be avoided if the cut 
sub-assembly was reversed before it was mounted on the razor blades. Also, the 
compression that resulted in the layers away from the crack during the bending 
process may have contributed to ply distortions. Furthermore, during the bending 
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process, the considerable stiffness of the uncut layers made the bending process 
more difficult. As a result of these considerations, a modified bending procedure 
was developed-method E. In this method, only two uncut layers (second sub- 
assembly) were holding the (first) cut sub-assembly together before it was mounted 
on the aluminium plate. The remaining layers (third sub-assembly) were stacked 
immediately afterwards. 
This method resulted in the smallest ply distortions obtained so far, as Fig. 
5.4(e-1) shows. 
In order to investigate if the same crack tip quality could be achieved with other 
materials, the same manufacturing procedure (method E) was repeated with another 
material, T300/ 913. The pre-crack quality resulting for this material, shown in 
Fig. 5.4(e-2) confirms that method E is appropriate to systematically manufacture 
a panel with a sound pre-crack without introducing considerable distortions into the 
layers of the laminate. A bigger magnification of the crack tip in Fig. 5.4(e-2) is 
shown in Fig. 5.4(e-3). It can be observed that the crack tip is sharp, despite some 
wearing of the blade in the aluminium plate that occurred during the successive 
trials. 
5.4.3 Improving the plastic-film approach (method F) 
Method E, which uses the metal-blade approach, proved to reduce the distortion in 
the layers of the laminate to a minimum, by successfully reducing the empty space 
between the pre-preg assembly and the blade. The effect of this procedure on the 
plastic-film approach seemed worth investigating, even though this manufacturing 
method could not prevent the small ply movements distorting the plastic film during 
the cure. As a result, method F was developed, which essentially applies the bending 
method E to the plastic-film approach. A plate was manufactured, using material 
HSC/ SE84LV, and the corresponding micrograph of the crack is shown in Fig. 
5.4(f). It was confirmed that the plastic film was unable to create a straight crack 
even with this improved manufacturing process. 
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5.5 Testing 
5.5.1 Experimental procedure 
FPB tests were carried in an Instron machine, with a AN load cell. The load was 
applied to the specimens using 6mm diameter rollers. The body containing the 
upper rollers was free to rotate (about a central horizontal axis parallel to the width 
direction of the specimen) in order to accommodate eventual minor misalignments 
and guarantee that both loads applied to the left and right side of the specimen 
were equal. Rubber fittings were used between the rollers and the specimens, to 
avoid stress concentrations due to any minor misalignment. The specimens were 
loaded up to failure at 0.5mm/min. The failure loads were recorded, and Eqs. 5.1 
to 5.3 were used to obtain the fracture toughness. The actual pre-crack length was 
measured individually for each specimen after the tests using an optical microscope. 
5.5.2 Results 
The average fracture toughness and coefficients of variation obtained for each method, 
are presented in Table 5.1. The features on the fracture surface of failed specimens 
show features characteristic of mode I fracture, see Fig. 5.5. 
5.5.3 Discussion 
The test results show low scatter on the intralaminar fracture toughness measured 
for all methods used to create the pre-crack. The mode I interlaminar fracture 
toughness for HSC/ SE84LV and T300/ 913 have been measured using standard 
tests as 235 J/m2 and 258 J/m2 respectively, which is found to be similar to the 
intralaminar values obtained here. This similarity in the fracture toughness values 
was expected, since the fracture processes are also similar. 
The intralaminar fracture toughness values obtained using the plastic-film ap- 
proach were found to be similar in magnitude to those obtained using the metal 
blade, provided the ply distortions are reasonably small. This contrasts with pre- 
vious results [165], where the intralaminar fracture toughness obtained using the 
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Figure 5.5: SE\I images of the fracture surface of a FPB specünýýn showing 
evidence of mode I fracture 
CHAPTER 5. DEVELOPING A FOUR POINT BEND SPECIMEN TO 
MEASURE THE MODE I INTRALAMINAR FRACTURE TOUGHNESS 129 
Table 5.1: Fracture toughness values obtained from the tests 
a nominal N° of speci- Average Coefficient of 
Material Method (mm) mess tested G1 (J/m2) variation (%) 
A 1.25 5 208 7.2 
C (pre-cons. ) 0.625 7 257 5.3 
D (pre-cons. ) 1 6 232 9.9 
HSC/ D 0.625 5 218 5.6 
SE84LV E 0.625 7 228 8.5 
E 1 7 222 6.0 
F 
All 
1.25 6 
- 43 
213 
226 
7.5 
9.3 
T300/ 913 E 1 13 211 6.4 
plastic film approach was found to be slightly higher than the one obtained with 
the metal-blade approach. In that previous study, the higher values were attributed 
to resin pockets at the crack tips, which were not observed here. Possibly, the resin 
pockets at the crack tip were avoided in this work because the plastic film was more 
precisely aligned with the end of the pre-cut. 
For the specimens with a pre-crack obtained by the metal-blade approach, those 
with higher ply distortion appear to produce generally higher toughness values. 
5.6 Conclusions 
This work shows that it is possible to manufacture unidirectional laminated panels 
including straight and sharp pre-cracks, without damage ahead of the crack tip and 
without causing significant distortion to the layers. This can be achieved following 
the process referred to as method E in this chapter. 
FPB tests were shown to yield values for the mode I intralaminar fracture tough- 
ness with low scatter, which are close to the mode I interlaminar fracture toughness. 
The results obtained seem to indicate that there is a correlation between ply dis- 
tortion and an increased measured fracture toughness. However, for the specimens 
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tested (all specimens had sharp crack tips and no damage ahead of the crack tip 
was present), this correlation is not strong. 
Using a plastic film to create a pre-crack does not yield a straight pre-crack, 
but the fracture toughness values obtained were found to be consistent with those 
obtained using the metal-blade approach to create the pre-crack. 
5.7 Publications 
The work presented in this chapter resulted in the following publications': 
1. S. T. Pinho, P. Robinson, L. lannucci, Intralaminar toughness tests of T300/913 
carbon-epoxy, Tech. rep., Department of Aeronautics, Imperial College Lon- 
don (2005) 
2. S. T. Pinho, L. lannucci, P. Robinson. Modelling failure using physically- 
based 3D models and a smeared formulation. 15th International Conference 
on Composite Materials (ICCM-15). Durban, South Africa, 27th June - 0111 
July 2005 
'Some of these publications include work from other chapters of this thesis and therefore feature 
again in the list of publications at the end of the corresponding chapters. 
Chapter 6 
Fracture toughness of the tensile 
and compressive failure modes in 
laminated composites 
6.1 Introduction 
Fibre breaking can take place during longitudinal tension or compression and, for 
carbon/epoxy systems, the energy consumed by these failure processes is much larger 
than for failures involving any matrix or matrix-fibre bond failure. In compression, 
fibre breaking usually occurs as a result of the kinking process. Experimental de- 
termination of the fracture toughness associated with both these fibre failure modes 
(tensile failure and compressive kinking) is important for material characterization 
and for numerical modelling. Currently, there are no standards to determine these 
properties. 
Leach and Moore 11581 used three-point bend specimens with a (0)40 layup to 
measure the fracture toughness of the tensile fibre failure mode of a carbon/ PEEK 
composite, and reported a mode I critical energy release rate of 26 kJ/m2. The 
technique used to introduce a pre-crack in the specimen was not discussed by the 
authors. Jose et al. [161] used Compact Tension (CT) specimens (see Fig. 6.1(a)) 
made of 1%155J/ M18 carbon/epoxy with layup (0,90)15, to determine the fracture 
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toughness associated with tensile failure of the (0,90)15 laminate. They created the 
pre-crack in two steps: a notch was cut with a disc cutter and a razor blade was 
then used to give a sharp starter, but the authors did not specify whether the blade 
was tapped or used in a sawing motion. The mode I critical energy release rate 
reported by Jose et al. for the laminate is 15.94 kJ/m2. This value corresponds to 
the mode I critical energy release rate for fibre fracture in the 0° layers combined 
with matrix crack propagation in the 90 ° layers. Assuming that those energies are 
additive (which is to say, neglecting the interactions between the different layers 
that are failing in different failure modes), and that the matrix tensile toughness 
is similar in magnitude to the (interlaminar) mode I critical energy release rate 
(-- 0.2 kJ/m2), the fracture toughness for the fibre tensile failure mode of M55J/ 
M18 carbon/epoxy is about 31.7 kJ/m2. 
Soutis et al. [171,172] carried out a kink-band propagation test using a centre- 
notched compression specimen. Different lengths for the notch were used but similar 
values of fracture toughness were observed, which was interpreted as supporting 
the concept of compressive fracture toughness. For a T800/924C laminate with 
(0,902) 0)3S layup, the fracture toughness for the laminate was reported [152] as 
38.8 kJ/m2. Proceeding as before, the value measured corresponds to the mode 
I critical energy release rate for kink-band propagation in the 0° layers, plus the 
critical energy release rate for matrix cracking in the 90 ° layers. Assuming that those 
energies are additive, and that the matrix failure in the 90 ° layers can be represented 
by a single mode II matrix crack (with critical energy release rate 1 kJ/m2), the 
fracture toughness for kink-band formation and for T800/924C is derived from Soutis 
et al. [152] as about 76 kJ/m2. 
Ratcliffe et al. [173] and Jackson and Ratcliffe [174] described the use of Com- 
pact Compression (CC) specimens (CC specimens are similar to CT specimens, 
but used in compression) to measure the compressive toughness of sandwich panels 
with carbon-epoxy facings and honeycomb nomex core. The kink-band length was 
measured using Shadow Moire Interferometry. The critical energy release rate for 
kinking, derived from the tests using the area method, was reported as 36.1 kJ/m2 
[173]. 
CHAPTER 6. FRACTURE TOUGHNESS OF THE TENSILE AND 
COMPRESSIVE FAILURE MODES IN LAMINATED COMPOSITES 133 
Table 6.1: Mechanical properties of T300/913 unidirectional laminae. 
Modulus (GPa) Major Poisson's ratio 
Longitudinal Transverse Shear 
131.7 8.8 4.6 0.32 
In the work presented in this thesis, CT and CC tests were performed with the 
aim of determining (i) the fracture toughness associated with tensile fibre failure 
and (ii) the fracture toughness associated with kink-band failure for a carbon-epoxy 
system. 
6.2 Material system used 
Carbon epoxy T300/913 unidirectional prepreg was used for the tests. The material 
properties needed for the data reduction were obtained using standard tests and are 
presented in Table 6.1 in the principal material axes. 
6.3 Test method and data reduction 
The geometry of the compact specimens used for the tension and compression tough- 
ness tests are shown in Fig. 6.1(a) and (b) respectively. The notch of the CC 
specimen, Fig. 6.1(b), has been widened at the left edge to avoid contact of the 
notch faces during compression. (Jackson and Ratcliffe [174] found that the stress 
intensity factor is not significantly affected by the morphology of the opening. ) The 
layup used is (9010)8s with the 0 °-direction the direction parallel to the loading, as 
shown in Fig. 6.1. 
The data reduction for CT or CC specimens made of an orthotropic material 
requires particular attention. Other researchers have used the stress intensity fac- 
tor approach [157,159,161], often citing the ASTM standard E399 [175] for the 
determination of the fracture toughness in metals using CT tests [159,161]. 
According to ASTM standard E399 [175], valid for an isotropic material, the 
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Figure 6.1: Test specimen nominal diw ntiioiis (i) niu] ) b)]. tin' (a) 1. ii"sily 
and (b) compression fibre-breaking fray( tun- tOugliiwss l 'til, ti 
critical stress intensity factor for a fracture load P, is given ley 
P 
AJ(. = fit -f 
with 
2+ a/u! f (a/u') =ir [0.886 + 4.6! 1 (n/w) - (1 - a/w) 
-13.32 (a/uß)2 + 14.72 (a/w)s 5.6 (u. /w)4] (G. 2) 
where h is the thickness of the specimen, w is the dimension frone ihr load line to tll(' 
right hand edge of the specimen, as imli(ated in Fig. G. 1 and (i IS the er; wk length, 
whose initial value ao is also indicated in Fig. 6. I_ '1S. critical energy r('lvaase raft 
of the laminate can be calculated frone Ii,, as [17(>I 
(6.3) C]CIýý171t 
tý1J 
t [ý ý1 r77 
where E, Ey, Gay and v,. y are the longitudinal and tran; <v, erse Young', nu) Inli, (lu 
shear modulus and the Poisson's ratio of the laniinalte, respectively (not(, thaat diese 
properties are obtained from the laminae values given in W& 6. l using ImninatiOn 
theory). 
Jose et, al. [161] carried out, Finite Element (FE) analyses of lainniate ("T spec- 
imens, and compared the stress intensity factor ohtadne(l fr(m) 1"'q1. G. I wit]) tlu one 
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obtained from FE. They concluded that the difference was small even though, when 
expressed in terms of energy release rate, the difference ranged from 16% to 27%, 
depending on the layup. The difference was attributed to the FE analysis being 
linear, but Eq. 6.1 also assumes linear elasticity and so the difference is more likely 
to be due to the isotropy assumption in Eq. 6.1. 
Given the difference observed by Jose et al., an FE analysis was carried in Abaqus 
[177] to obtain a more accurate equation for the fracture toughness. As a first step, 
three different models of half a CT/CC specimen were created (taking advantage 
of the symmetry), with different levels of mesh refinement. The three meshes have 
uniform square 8-noded elements (S8R5), with side l= 1mm for the coarse (C) 
mesh, l=0.5mm for the intermediate (I) mesh and l=0.2mm for the refined 
(R) mesh. Mesh C is presented in Fig. 6.2, where it can be noted that the shape 
of the notch is not modelled; as mentioned before, earlier work by Jackson and 
Ratcliffe [174] showed that the stress intensity factor is not significantly affected by 
the morphology of the opening. The material properties were obtained from Table 
6.1 using lamination theory for a (90,0)8s layup. All the models were assigned a 
unit thickness (1mm), and were subjected to a unit load (1N). For a crack length 
a= 26mm, each model was run to obtain the J-integral around the crack tip. Taking 
the J-integral for mesh R as a reference, the J-integral for mesh I differs in 0.014% 
and for mesh C in 0.026%. The application of the one-step Virtual Crack Closure 
Technique (VCCT) for mesh R matches the J-integral for the same mesh within less 
than 0.004%. Therefore, all three meshes (C, I and R) provide an accurate value of 
the energy release rate. The difference between the energy release rate obtained by 
the use of FE (J-integral, mesh R) and by the use of Eqs. 6.1 and 6.3 is 11.02%. 
This considerable difference indicates that the KI, formula of Eq. 6.1 which is used 
for isotropic materials is not accurate for orthotropic composites. 
Several models with mesh I and different values of initial crack length were run. 
The normalized energy release rate f (a), obtained from the J-integral (J), and 
defined as 
f (a) = J. 
( 11N )2 (6.4) 
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i ýz 
Figure 6.2: Coarse FE mesh of lialf a CT specimen 
is presented in Table 6.2. The function f (a) can he a. pploxiiuaited by t iec ýýniVII( uýi, ý. l 
f ((I) = c3ai 3+ ('2fl + cI n -f cn ((i. Vii) 
where the coefficients ci are presented in Table (i. 3 fei a number of (Iill'ercio. (r; º( k 
length ranges together with the associated iiiterj)oha. tioi1 error. Fiiia. lly, the critica. 1 
energy release rate for each test can be obtained as 
I' 2 (i/rIlain l ýllý 
For the CT tests, Eq. 6.6 can be used to obtain G/,. as a fmictiou of cr, nck length 
during propagation, provided that completely rurstahly pr>))aga, tiuu (lueti not rit Ciu. 
immediately after initiation of crack growth. For fibre kinking however, I; tt. (i. (i 
has limited meaning during propagation, becmu5e the enntact, stresses between tIew 
'faces' of the kink band are not accounted for in the FIS analysis, and neither is tie 
damage that, might propagate from the kink hand. An alternative iiu t, leeh for tlýrta 
reduction during propagation consists of the use of the ; Ilea rnethuti ill W1ri(11 Hie 
energy consumed during crack growth (determined from the are, r cruder Hie heel vs. 
displacement curve) is divided by the area swept out, by Ilit criwk front,. IIttwewer, 
the application of this method requires stable crack growt li, mid, in the cast of the 
CC specimens, the calculated energy release rate will still iw rode energy consrrnied 
by other damage modes which are also developing as the kink band atIvanceti. `11>i5 
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Table 6.2: Normalised energy release rate f (a) (m2/kJ) for different values 
of crack length a (mm), obtained from FE 
a 19 20 21 22 23 24 
f (a) 3.4003E-5 3.6753E-5 3.9839E-5 4.3320E-5 4.7272E-5 5.1788E-5 
a 25 26 27 28 29 30 
f (a) 5.6984E-5 6.3007E-5 7.0043E-5 7.8332E-5 8.8187E-5 1.0001E-4 
a 31 32 33 34 35 36 
f (a) 1.1436E-4 1.3196E-4 1.5381E-4 1.8132E-4 2.1646E-4 2.6207E-4 
a 37 38 39 40 41 42 
f (a) 3.2238E-4 4.0374E-4 5.1609E-4 6.7539E-4 9.0839E-4 1.2619E-3 
a 43 44 
f (a) 1.8229E-3 2.7642E-3 
Table 6.3: Coefficients for the interpolation of f (a) ( m2/kJ) for different 
ranges of crack length a (mm), and associated maximum error 
C3 C2 Cl CO error 
19 <a< 24 1.1250E-8 -5.088214E-7 9.7590E-6 -4.4897E-5 < 0.01% 
24 <a< 29 4.0880E-8 -2.6721E-6 6.2522E-5 -4.7474E-4 < 0.01% 
29 <a< 34 1.7282E-7 -1.4396E-5 4.1001E-4 -3.9105E-3 < 0.08% 
34 <a< 39 1.1264E-6 -1.1389E-4 3.8722E-3 -4.4084E-2 < 0.14% 
39 <a< 44 1.6611E-5 -1.9748E-3 7.8429E-2 -1.0399E0 < 0.80% 
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results in an artificial positive trend on the R-curves as verified by Jackson and 
Ratcliffe [174). 
Once the fracture toughness for the laminate is obtained, the fracture toughness 
corresponding to fibre tensile failure or fibre kinking is obtained by subtracting the 
term corresponding to matrix cracking in the 90 ° layers. This procedure neglects 
the other damage modes such as delamination, as well as any interaction between 
matrix cracking and the fibre-dominated failure modes, and assumes that a single 
matrix crack parallel to the pre-crack occurs in the 90 ° layers. As before, matrix 
cracking in the 90 ° layers is assumed to occur as a single crack in mode I for the CT 
tests, and in mode II for the CC tests. These approximations seem reasonable, since 
the fracture toughness of the fibre-dominated failure modes is much higher than 
that of the matrix-dominated ones. For the laminate layup used for these tests, the 
fracture toughness for the fibre-dominated failure modes is thus expressed as 
CIeI 
fibre tensile =2 
G1ellam 
tensile - 
GICI 
matrix intra 
(6.7) 
GleIfibre 
kinking =2 
G1e1lam 
compr - 
GIlcI 
matrix intra 
(6.8) 
where GI, llam tensile and Glcllam comp,. are the 
fracture toughness for the laminate, 
as obtained from the tensile and compressive tests respectively, Glel matrix intro and 
GIIdI 
matrix intro are 
the mode I and mode II matrix-cracking intralaminar fracture 
toughnesses, and GICI fibre tensile and GICIlibre kinking are the fracture toughnesses for 
the fibre tensile and fibre-kinking failure modes. The mode I intralaminar fracture 
toughness for through-the-thickness crack growth was found to be very similar to the 
interlaminar toughness between 0° plies (Chapter 5), so that, for materials where 
the matrix-cracking intralaminar fracture toughness is unknown, the interlaminar 
fracture toughness is expected to be a good approximation of the intralaminar frac- 
ture toughness. As noted above, in carbon/epoxy systems, the matrix failure mode 
toughnesses are much lower than the fibre failure toughnesses and so the last term 
in Eqs. 6.7 and 6.8 could be omitted without a significant loss in accuracy. 
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Figure 6.3: Photograph of the specimens obta. illed for the (n) t, ,i iIt , inýl 
(b) compression fibre fracture Ioºut; -hººcss te-k 
6.4 Manufacture 
6.4.1 Manufacture of the test specimens 
Panels with dimensions 300 x 150inin2 were, iiiaiiuta t ure I lw Iaviiig iii, 32 IgvrK 
of prepreg (each of 0.125mm nominal thickness), witli a laaviip (90,1)),. mid ciircd 
according to the prepreg manufacturer's instri I, io»is. A wet, saw was iisrI to cut 
the rectangular plates to form the shecitnerls shown ill Fig. 6.3. 'I'lse hinni diaiuel. er 
holes were produced by drilling the specimen, with it hehl in l)pLw(+eu two, saes ilia i, il 
pieces of similar coniposi. te. 
For the tensile specimens, a 3-step l)ro ednne was follmvcd tO )1)t, i. iii Hie requir(d 
sharp crack tip. First, a 4mm wide notch was cut, with aý diainnund c(a; Ov l disk saw, 
to a total approximate length of 30nim . 
Then, i. 0.2mm I hu h razor sa was used 
to obtain a thin and relatively sharp extension cif the pre-crack, with al h nigtli ()f 
approximately 10mni . 
Finally, a O. lmon t , 
hick razor blade was used h) sliarjii ni t 1w 
crack tip further using a sawing action. A1icrogr, aplis oof the (ra k t, ip an preset led 
in hit;. 6.4. For the compression specllliens, a 1IOtcli aas 5liow1i iii Fig. 6.3(h) was 
obtained with the disk saw. 
A speckle pattern was created on one face of each slo ciIucn wwwiug vvInl , 111(1 
black ink sprays, in order to use a photograinuuietrY Two (liffvi viii I, v1ýýýý', ' of 
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Figure 6.4: Different iiia. gnific<atioiis of the t>re-ci-r wk tits Im- the CT 
mens 
Two different, plies expos(( VIII f. t) 
Razor saw cut 
3ý Tits sharpened by razor blade 
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pattern were tried: black spots on a white background and white spots on a black 
background. The former was obtained by painting one side of the specimen in white 
and then using the black-ink spray to obtain the speckle pattern. This process led 
to a maximum contrast which is beneficial for the photogrammetry system software 
monitoring each point of the specimen. However, in the tensile tests, the white ink 
tended to peel at the crack tip during crack propagation. For these cases, the reverse 
pattern was used (white spots an a black background), by simply using the white 
spray to create the white spots on the black surface of the composite. The contrast 
is in this case not as good as the previous one, but no peeling occurs at the crack 
tip during propagation. 
Finally, a 1mm increment scale was drawn onto each specimen to monitor the 
crack length during the test, and the actual dimensions of each specimen were mea- 
sured individually. 
6.5 Experimental setup 
The tests were carried out in an Instron machine, with a IOkN load cell. Two strong 
light sources were used to illuminate the surface of the specimen. 
A CCD camera was used to view a magnified image of the area of the specimen 
containing the crack-growth scale an a TV. This magnified image was used together 
with an event-marker connected to the data logger, to monitor the crack growth. 
The photogrammetry system (Aramis) was positioned to examine the surface of 
the specimen. This system allowed the strain field in the specimens to be recorded 
during the tests and was used to check for damage not readily visible in the speci- 
mens, and to help locate the tip of the crack/kink-band. The CT and CC specimens 
were loaded at a displacement-rate of 0.5mm/min. 
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Figure 6.5: Typical load vs. displacement curves for a (a) CT and (b) CC 
specimens 
6.6 Results 
6.6.1 Tensile tests 
142 
For the CT specimens tested, crack growth was not smooth nor continuous: instead, 
several crack jumps of a few millimeters each time were observed, Fig. 6.5(a). The 
TV monitor and event marker permitted the recording of the propagation load for 
each value of crack length where the crack had stopped. 
The first specimen tested had a black speckle pattern on a white background. 
As the crack proceeded, the white ink peeled from the specimen on the vicinity of 
the crack, and the photogrammetry system thus failed to map the strains on the 
area of most interest, Fig. 6.6(a) and (b). For all other tensile specimens, a white 
speckle on the natural black surface of the composite was used. This speckle had 
a lower contrast, but still allowed the identification of the crack tip as no peeling 
occurred, Fig. 6.6(c) and (d). 
The R-curves obtained from the tensile tests are shown in Fig. 6.7. The average 
fracture toughness obtained for initiation is 91.6 kJ/m2 with a standard deviation of 
6.7%. Since the R-curves seem to converge after a 34 mm, a propagation value for 
the fracture toughness can be defined. The average propagation fracture toughness 
Load (kN) 4T CT specimen Load (kN) 5r CC specimen 
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(a) 
(c) 
(1 
(d 1 
Figure 6.6: (a) CT specimen painted white Nvit. h Iiliu k speckle pattern; t he 
paint peels off at, the crack t, ip; (h) strain m ap a, rrosl)oneliiig to 
(a) fails to give information close to the (rack tip, die to peel 
ing of the paint; (c) CT specimen with white speckle l)nl tern; no 
peeling is observed at the (na, ck t, ip; (d) strain nia, p ((ins le n h- 
ing to (c) allows the identification of tie crack tip , tief does nest 
reveal any other form of claina, te in the specimen 
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Figure 6.7: R-curve for the tensile fracture toughness tests; each symbol- 
type corresponds to a different specimen 
is 133.5 kJ/m2 with a standard deviation of 15.7%. 
6.6.2 Compressive tests 
For all but one of the CC specimens tested, the kink band grew smoothly during 
the whole test (approximately 20mm of kink-band growth). In order to use the area 
method to determine the critical energy release rate, the tests were carried during 
kink band growth, and the unloading curve was recorded. Since no peeling of the 
white ink occurred in compression, a black speckle on white background was used 
for all tests. 
The TV monitor, providing a magnified view of the region where the kink band 
was growing, proved to be ineffective in locating the tip of the damaged area. In fact, 
the tip of the kink band was barely recognizable on a still image, as shown in Figs. 
6.8(a)-(c) of successive pictures taken by the photogrammetric system. Using the 
photogrammetric system, the strain gradient proved useful to identify the existence 
of the kink band, but the identification of the kink-band tip was not trivial, as 
shown in Fig. 6.8(d). However, the identification of the tip of the damaged area was 
possible using the photogrammetric system in a different way. A picture was taken 
24 29 34 39 
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Figure 6.8: (a) CC specimen during kink-band prOImpot iun aI time t 
(b) at time t=t,, + 5s, (c) at time t- 1 I ]Us; (d) 
inap corresponding to (h); (e) (lillerence bet, Well pi("tiirt (, i) 
and (b); (f) diil'vrence between pic1UF( (I, ) mid (c) 
automatically by the system every dis aim! the event iiiarker was used to iah iil. if'), 
the load corresponding to that picture. The tip of the daniaged , area could then 
he identified by switching repeatedly between two slic cs, ive images ta. lccn I)ý' Ow 
system. This dynamic viewing process showed the tilg of the olainia. t'eol art; very 
clearly, since the human eye has evolved to easily ideiit iiýv im vcllwilt anti I Irrun Ile 
difference between two pictures. As shown in Figs. (i. ý, (e) , ant1 (f), this (lifte retmv 
can also be oht<ained digitally, by subtracting two colmse("titive pictures taken I, v t Im, 
pho>togrcuuiiietric system. 
The ß-curves obtained from the compressive test's a. re shown III Fig. ft ). 'I'le 
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Figure 6.9: R-curve for the compressive fract'llrv t(oigillwss lest; ý; 1 
symbol-type corresponds to a. (li(feneul, specimen 
1-1(i 
average fracture toughness obtained for initiation i5 79.9 0/11i2 wit, li it, St,, auolard dc- 
viation of 7.7%. Using the area method, the average propagation fra("t, ure tougluIe. sý 
is 143.3 kJ/in2 with a standard deviation of 10.5%. 
6.7 Discussion 
6.7.1 Data reduction 
The difference in the frac1iir toughness obtained using the d1ata redu(timl hiwi 
AST1\'I standard E399 (175] for metals (isotropic inatmial) and tip, FI; atqmrn li 
is found to be significant (11.0% for the inateri. al, laVill> and gef petty considered 
here), even though E. and E, were equal for tin laiiiin, ate lavup 115(11 in 111c, "c 
tests. Therefore, the use of this standard for orthutrot)ic conutwsite iiiaterials is not 
reconnnended. 
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6.7.2 Tensile tests 
The specimen R-curves shown in Fig. 6.7 present the same trend even though the 
pre-crack lengths vary. The Gjc initiation values show good agreement and then 
the curves all exhibit a positive trend over the next 4- 8mm of crack growth. 
Fig. 6.10(a) shows a Scanning Electron Microscope (SEM) image of the typical 
fracture surface. It is not an entirely planar fracture surface, as it exhibits a limited 
amount of fibre-pullout in the 0° plies. This pullout process could have created 
a fibre-bridged zone in the wake of the advancing crack tip and the growth and 
eventual stabilization of this bridged zone could account for the trend observed in 
the R-curves. 
The higher magnification image shown in Fig. 6.10(b) indicates that the 00 
fibres immediately adjacent to the 90° ply interface are fractured without pullout. 
The 0° fibres further away from the 90° ply interface have undergone pullout with 
the fibre fracture occurring at some distance from the fracture surface in the 90° 
ply. The fracture features on the surface in the interface between the 90° and 0° 
plies shown in Fig. 6.10(b) indicate that the fracture occurred first in the 90° ply 
and then propagated into the 0° ply. 
Even though there is no visible damage away from the crack plane, as shown 
by the C-scan in Fig. 6.11(a), the interaction of the 90° and 0° plies may signifi- 
cantly affect the fracture process during propagation and so the propagation value 
of fracture toughness is likely to be layup dependent. 
It may well be that the lower initiation value of GI, is associated with an initial 
planar fracture from the pre-crack plane without any significant fibre pullout- 
and if this is the case, then the initiation value would be layup independent. The 
mechanisms associated with the initiation and propagation fracture processes need 
further investigation to fully establish their layup dependence. 
6.7.3 Compressive tests 
An increasing trend is exhibited by all the compressive-loading R-curves (Fig. 6.9) 
and there is a good agreement in the initiation values. The positive trend in the 
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Figure 6.10: (a) SEIN 1 micrograph of' t, lle (°l' sjw(. IIII1'ii l'r: ict we , iu l, wc; (h) 
the magnitude of fibre pull out. (ict)ou(ls on tile (11's'ul e to Mir 
90° layers 
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Figure 6.11: C-scan of it (a) CT specimen and (h) ('(' tiPeciuien 
R-curves, Fig. 6.9, can he explained by the contact, to iees in the kink-laind f, iceý. 
However, the presence of these contact. fur(0 5 (Io, eti 110t O XI)l, iin Why the I'mOn, 
touglinesses obtained by the area niietliod ; 11. ee higher tha. u the initi, i. tiun values de 
termined using Eqs. 6.6 and 6.8. In order to investigate wlhctlier the difference is (file 
to other damage modes (dela. niination, kink-baud broadening, cru., duuig), ('-s(aiis of' 
the failed specimens were performed, and several Inic"rogral>lis , it different. Iox", it. iMIS 
along the kink-band path were obtained. The ('-scan, Fig. 6.11(6), cIt ii Y shows 
that kink-band propagation has been a(o"olupanied by del. aiuiii. il ion gI m0,11. 
Several micrographs were taken from the tested specimens at spccilie cross- 
sections, as shown in Fig. 6.12. Those taken from cross-section 'A, ' i. e. nu'xt, to 
the tip of the kink band, are shown in Fig. 6.13, while those t. il: cIi in rugs se( tiý>>i 
'ß, ' i. e. about lüiiim behind the tip of the kink band, are Shown in Fig. (i. 1.1. 
Fig. 6.13(a) shows a 0° ply in which the kink hand( has itut, y'et fully (Iev('h)IH'(1. 
Matrix cracking in the adjacent 90° plies and frtu tare ill notuc of the O" Bitres (-till 
be seen and these will ultimately develop into an out-()f*-plane kink band similar to 
those shown in Fig. 6.13(b) and in magnified detail in Fig. G. 13(c). Fig. 6.13(d) 
shows the matrix cracking and delaniination which occurs in the ! )U° p11(5 between 
neighboring kink bands. 
Turning to Fig. 6.14, it is clear that, the sale of tin fibre and utat. rix ýl: uu. ige 
is now more extensive than that close to the ]sink-bunI tip shown in I'ig. 6.13. In 
Fig. 6.14(a), the 0° plies clearly bent and in Fig. 6.1 I(b) the hetelitit; has <cal sed 
(n. ) ýIý) 
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Figure 6.12: Cross-sections `A' and 'U' for the ini(r()grapli, ý shmvll in Fig-, 
6.13 ('A') and 6.14 ('B') 
failure in the 0° fibres, i. e. the damage zone is I, romle >ing heyunul that a, s of i, it. etl 
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obtained directly from a stress intensity factor approach because the contact stresses 
in the faces of the kink band cannot be easily accounted for; the area method also 
failed to produce meaningful results due to kink band broadening and delamination. 
The toughness measured for both the tensile and compressive modes may well be 
layup dependent and further investigation is required. 
6.9 Publications 
The work presented in this chapter resulted in the following publications': 
1. S. T. Pinho, P. Robinson, L. Iannucci, Fracture toughness of the fibre break- 
ing modes in laminated composites, Tech. rep., Department of Aeronautics, 
Imperial College London (2005) 
2. S. T. Pinho, L. Iannucci, P. Robinson. Modelling failure using physically- 
based 3D models and a smeared formulation. 15th International Conference 
on Composite Materials (ICCM-15). Durban, South Africa, 27th June - 01" 
July 2005 
'Some of these publications include work from other chapters of this thesis and therefore feature 
again in the list of publications at the end of the corresponding chapters. 
Chapter 7 
Conclusions 
7.1 Decohesion element 
Three different constitutive laws were implemented within an interface element for- 
mulation into LS-Dyna [1]. The formalism used is relatively simple and modular, 
allowing other constitutive laws to be added easily. Initiation criteria, which define 
the maximum traction in mixed-mode situations, as well as propagation criteria, 
which define the energy absorbed in mixed-mode situations, can also be added tak- 
ing advantage of the modularity of the implementation. 
Under certain conditions (e. g. high loading rates, high maximum traction, low 
energy release rate, coarse mesh refinement), it was observed that the discontinuities 
existing in the bilinear constitutive law resulted in numerical instabilities. These 
were not observed for the 3 rd order polynomial or linear-polynomial laws. However, 
all formulations were shown to model appropriately mode I, mode II and mixed 
mode I and II quasi-static crack propagation problems at lower loading rates. 
The decohesion element was shown to accurately model a range of static delam- 
ination problems. 
7.2 Failure criteria 
Each failure mode in fibre-reinforced composites needs a separate investigation. Fail- 
ure criteria based on physically-based failure models are good candidates to correctly 
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account for how different stress components interact to promote each failure mode. 
In this work, 3D compressive (matrix and fibre) failure models that account for 
in-plane shear nonlinearity and in-situ effects are developed. 
The criteria proposed, and the physically-based models developed, are shown 
to accurately predict particular failure envelopes and trends. The fibre compression 
failure model proposed emphasizes the need for accurate characterization of the shear 
behaviour and can be readily used in a stochastic formulation, since manufacturing 
defects can be easily accounted for within the model. 
7.3 FE smeared failure model 
The implementation of the failure models and criteria in an FE smeared failure model 
demonstrates that the key physical aspects observed in the failure of laminated 
composites can be reproduced in FE, provided that sound, physically-based failure 
criteria are implemented, and that failure propagation is handled appropriately. The 
failure-models implementation is 3D, and allows the user to incorporate any in-plane 
shear curve directly. In addition, the pathological mesh dependency characteristic 
of CDM models is avoided using a smeared formulation. Finally, all parameters used 
in the model have clear physical meaning, and they can be obtained from simple 
tests. 
7.4 Combination of the ply damage model with 
the decohesion element 
Examples have shown that the ply damage model can, to a certain extent, predict 
delamination, because it is able to predict failure in a plane parallel to the interface 
between plies. This approach to model delamination is not ideal, because the frac- 
ture surface is represented by a layer of elements. By using decohesion elements, 
a better representation of the delamination can be achieved, at the expense of ad- 
ditional complexity to the model as well as computational time. The decision on 
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whether to use decohesion elements to model delamination depends on the relative 
importance of delamination and the other failure modes for each specific problem. 
7.5 Intralaminar fracture toughness tests 
This work shows that it is possible to manufacture unidirectional laminated panels 
including straight and sharp pre-cracks, without damage ahead of the crack tip and 
without causing significant distortion to the layers. This can be achieved following 
the process referred to as method E in Chapter 5. 
FPB tests were shown to yield values for the mode I intralaminar fracture tough- 
ness with low scatter, which are close to the mode I interlaminar fracture toughness. 
The results obtained seem to indicate that there is a correlation between ply dis- 
tortion and an increased measured fracture toughness. However, for the specimens 
tested (all specimens had sharp crack tips and no damage ahead of the crack tip 
was present), this correlation is not strong. 
Using a plastic film to create a pre-crack does not yield a straight pre-crack, 
but the fracture toughness values obtained were found to be consistent with those 
obtained using the metal-blade approach to create the pre-crack. 
7.6 Fracture toughness of the fibre breaking modes 
This work has investigated an experimental procedure to obtain the fracture tough- 
ness associated with the fibre-dominated failure modes, using CT and CC tests. It 
has been shown that the data reduction process based on the stress intensity factor 
for isotropic materials should not be used, and FE was found to be a valid alter- 
native. Initiation toughness values for both tensile fibre failure and for kink-band 
formation were obtained. For the tensile mode, propagation toughness values were 
also measured. For kink-band formation, propagation values cannot be obtained 
directly from a stress intensity factor approach because the contact stresses in the 
faces of the kink band cannot be easily accounted for; the area method also failed 
to produce meaningful results due to kink band broadening and delamination. The 
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toughness measured for both the tensile and compressive modes may well be layup 
dependent and further investigation is required. 
7.7 Overall conclusions 
The work reported here demonstrates that using physically-based failure criteria 
and modelling individual failure modes, taking into account the associated fracture 
toughness, are important for correctly modelling failure and crush of laminated com- 
posite structures. Correctly modelling failure onset (using physically-based failure 
criteria) and propagation (taking into account the fracture toughness correspondent 
to each failure mode) is a significant step forward towards the accurate simulation 
of complex structures under crush situations. 
Chapter 8 
Future work 
8.1 Numerical 
8.1.1 Further developments of failure criteria for laminated 
composites 
The 3D failure criteria developed in this thesis cover several failure modes, consider- 
ing in-plane shear nonlinearity and in-situ effects. However, there are developments 
that could be investigated if more extensive experimental data could be collected. In 
particular, physical models for the effect of the in-plane transverse stress on the in- 
plane shear nonlinearity could be developed. Also, the fibre-kinking model assumes 
that failure takes place by matrix failure in the misalignment frame; even though 
this assumption is reasonable for carbon-fibre reinforced composites, a broader model 
should also consider the possibility of fibre micro-buckling, fibre-resin adhesion, and 
fibre compression failure. 
8.1.2 Further developments for the current FE failure model 
In numerical simulations of crush situations, the debris composed of failed elements 
causes numerical problems due to the significant distortions that can be obtained. 
Furthermore, the modelling of a fracture plane within a failed element might not 
be the best representation for debris that has separated from the main structure. 
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For these reasons, further developments into the post-failure behaviour might be 
opportune. 
8.1.3 Investigation of failure modes and damage models for 
other fibre architectures 
Woven textiles and other fabrics are increasingly being used in composites by the 
industry. Failure modes for these materials are bound to be more complex than for 
laminated composites with unidirectional plies. However, the knowledge obtained 
for the laminated composites might prove useful in understanding failure for these 
materials. Furthermore, once models and criteria for failure onset are developed for 
these materials, the FE damage model developed in this thesis could be adapted for 
other materials. 
8.2 Experimental 
8.2.1 Development and further validation of the fracture 
toughness tests 
The fracture toughness tests developed in this work are a first approach to obtain 
the fracture toughness associated with different failure modes in composite materials 
made of unidirectional plies. However, considerable research effort could be used in 
investigating the effects of layup, specimen size and geometry, load rate, etc. in 
order to fully validate these tests. Also the applicability of these test methods to 
composites using woven or other forms of reinforcement could be investigated. The 
test procedures developed for measuring the fracture toughness are already being 
used with non-crimp fabrics manufactured by resin transfer moulding within the 
Department of Aeronautics at Imperial College London. 
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8.2.2 Investigation into the test methodologies to obtain 
failure data under combined load situations 
One of the main difficulties associated with developing failure models and criteria is 
the validation against experimental data. Considerable amounts of data are already 
published for laminated composites, but there is still a need for a better definition 
of failure envelopes under combined load situations. This investigation could lead 
to the development of test methods for combined loading situations. 
8.2.3 Investigation into in-situ effects 
The work on in-situ effects reported here could be extended further. In this regard, 
the experimental observations of fracture surfaces for specimens corresponding to 
different in-situ conditions and the associated strength data could pave the way for 
improved models for the in-situ effect. 
8.2.4 Investigation of shear nonlinearity under complex loading- 
unloading-reloading paths, and effect of in-plane trans- 
verse stress on shear nonlinearity 
The in-plane shear behaviour under complex loading-unloading-reloading paths was 
found to be a point of difficulty in the present work, partly because of the lack of 
experimental data. The effect of the in-plane transverse stress on the shear behaviour 
is qualitatively known, but experimental data making quantitative characterization 
for different material systems, as well as predictive physical models for this effect 
are still in need of development. 
Appendix A 
Experimental stiffness and 
strength characterisation 
A. 1 Introduction 
The determination of the elastic properties and strength of unidirectional laminated 
composites is important for design purposes, as well as numerical modelling. Fre- 
quently, only the in-plane elastic properties are measured, leaving out the through- 
the-thickness ones. This is due to a series of factors, such as: 
9 frequently, composites are analyzed using simplified models such as laminate the- 
ory, and through-the-thickness properties are not always needed; 
" the mechanical tests for measuring through-the-thickness properties are not so 
widespread as the in-plane ones; 
" economy reasons; and 
" empirically, researchers have often found reasonable to estimate the through-the- 
thickness properties from the in-plane ones, namely assuming that each uni- 
directional laminae is transversely isotropic. 
For these reasons, only in-plane properties are measured here. The material 
tested is a carbon epoxy (T300/913), supplied by Hexcel; the fibre diameter is 
about 7µm and the individual layer's thickness is about 0.125mm. 
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Table A. 1: In-plane mechanical properties, from the manufacturer 
Longitudinal Transverse Shear 
Tensile Compression Tensile Compression 
Strength (MPa) 2120 1450 68.1 225 - 
Modulus (GPa) 143 114 8.8 9.8 4.7 
The in-plane properties for this material are provided by the manufacturer, Hex- 
cel. However, elastic properties and strength are known to depend to a certain 
extent on the manufacturing conditions (as well as testing). For this reason, com- 
pression tests for the longitudinal direction (0°) and transverse direction (90°) are 
planned, as well as in-plane shear tests and tensile tests at 0°. (Another motiva- 
tion for carrying these tests is to achieve a deeper insight into the failure process, 
specially for compression and shear. ) Tensile tests in the matrix direction were not 
carried essentially for material economy reasons. Table A. 1 presents the properties, 
as provided by Hexcel. 
A. 2 Data reduction 
A. 2.1 Compression 
The compression tests were done according to the Imperial College London pro- 
cedure for testing in compression [178]. The procedure and specimens are very 
similar to the corresponding ASTM standard (179]. The main differences lie on the 
geometry of the rig and the length of the specimens. 
The strength values reported correspond to the higher stress registered during the 
test. The Young's modulus reported is the secant Young's modulus taken at strain 
levels of approximately 0.1% and 0.3% for the compression in the fibre direction, 
and 0.2% and 0.4% for the compression in the transverse direction. 
A. 2.2 Tensile 
The tensile tests were done according to the corresponding ASTM standard [180]. 
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The strength values reported correspond to the higher stress registered during 
the test. The Young's modulus reported is the secant Young's modulus taken at 
strain levels of approximately 0.1% and 0.3% in the longitudinal direction. The 
Poisson's ratio is computed using the same values for the longitudinal strain. 
A. 2.3 Shear 
The shear tests were done by testing a ±45° laminate in tension, according to the 
corresponding ASTM standard [153]. 
The shear strain (ry) is computed from the longitudinal (el) and transverse (et,. ) 
strains as 
7' = 61 - Etr. (A. 1) 
The shear stress (T) could be computed from the load applied (P) and initial cross- 
sectional area (A0) as suggested by the ASTM standard [153) as: 
_P T 2Ao 
(A. 2) 
where P is the load and A. is the initial cross-sectional area. For high shear strain 
values (bigger than 5%), Eq. A. 2 can be improved upon by considering the change 
in the cross-sectional area and the rotation of the fibres, resulting in 
T=Ä sin 
(4 
- It) cos 
(4 
- ry) . 
(A. 3) 
In Eq. A. 3, A is the cross-sectional area computed as A=tx TV (where t is the 
thickness and W is the width of the specimen). The effect of width reduction was 
considered by using an updated value for W, i. e. 
W= W0ý1 - I&trl) 
where Wo is the initial width of the specimen: The strain values after failure of the 
strain gauges were obtained by extrapolation using the strain rate observed for each 
specimen before the strain gauges failed. 
For the strength, both the higher stress registered during the test and the stress 
at 5% shear strain are reported. The shear modulus reported is the secant shear 
modulus taken at shear strain levels of approximately 0.2% and 0.6%. 
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A. 3 Manufacturing 
Three plates, scheniatically' represented in Hit;. :1. I, yV( F( iii ß, 1111k 'liin I I)v' Ii, intI 
lay-up. They were used for the manufacture of' I)" and ! )U" ý ýýnil)F( 55iun Speciiuens, 
0° tensile specimens, and shear specimens, as detailed in 'I', il, 1 A. 2. 'I'In 0' n. nd 
90° compression specimens were labelled aas 'cIU1' to `c122' mid 'cl, roi' 1, o) 'ct. rll: ', 
respectively (the letter `c' standing for comiipressioiii, Hie letter 'I' fror l migitnolin, i. l 
and the letters `tr' for transverse); the 0° tensile spei illwils were IalI, etl(oI as `HO I' h) 
1106' (the letter `t' standing for tensile), and shear speciinemis were labelled as 'AH, 
to 's05' (the letter `s' standing for shear). 
The curing cycle consisted of maintaining the t-empvi iI, iio at 120" Ir1 iii i 
Individual specimens, with nominal dimensions shown in 'kid( A. 3 (, sec , ilýýý Fig. 
A. 2) were then cut using a wet saw imichine with diamond 1ý1, ºý1º. Table A. 3 , iI 
shoes the dimensions of the end tabs. 
The effective width and thickness of each specinºo'n vv( F(' nº(l, GtiIlr('(I iºi(livI(Iu IIIv 
for each specimen, and obtained aas the average of I l11- e readings. 
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h 
t 
Figure A. 2: Representation of a specimen, with associated dimentions 
Table A. 2: Function and characteristics of the manufactured plates 
Plate Test Dimensions number layup Thickness 
(mm 2) of layers (mm) 
A tensile 0° 300 x 150 8 (0°)8 1 
B compression 0° and 90° 300 x 150 16 (0° ) 16 2 
C shear 300 x 150 16 (±45° )8S 2 
Table A. 3: Nominal dimensions 
Specimen L (mm) 1W (mm) t (mm) b (mm) h (mm) 
cl 90 10 2 40 1.5 
ctr 90 10 2 40 1.5 
ti 250 15 1 56 1.5 
s 250 25 2 56 1.5 
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Table A. 4: Loading rate for each test, type 
Specimen type loading rate (nýiuýuýin ) 
cl 1.5 
ctr 1.5 
11 2 
ti 
Figure A. 3: (a) Experimental -etui); (h) iii retisioºº rip" ((. ) a'cl, spo iuºen; 
(d) it `ct r-' tiý)(ý< iuºei1 
A. 4 Experimental 
The tests were carried in a Zwick testing inachine, in the I)ei)a. r1. ºuvut Of Aci-mmul ic-, 
Imperial College London. The displacement roh, specified in "I', ºI, Ie . 
Al w, ºs applied. 
Fig. A. 3(a) shows the experimental set. ºº1º, (luring- iº ý unºlýrýýýýI( (I test- 
A. 4.1 Compression 
For the compression tests. it sin all co1i1pr('ssi%I' preln. i(l was ,il)pliu-(I hefoI 1 IIIeIIii 
the screws---Fig. A. 3(b) that fix the specinieiis iii Ilie rid; U. 5kN 
for the `cl' specimens, and 0.2kN for the 'ctr' spe(niiens). Its Cluing this, it was 
assured that the top and bottom surfaces of the speciiuells were in c(mlacl with 
the rig. The torque applied to the screws is in a("currlan("e with lief. 11781. TO 
specimens were then unloaded until there was, uo compression, helm-c stal-tilig the 
test. : After the tests. each specillltell Was (ai(hllly I'viniiIi((I Iu Ow 1,61111(- 
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mode. For the `ctr' specimens, the angle of the failure surface with the specimen's 
main direction was also measured. All specimens failed in a through-the-thickness 
mode, at the interface between the tabs and the gauge (HAT and HAB designation 
in the ASTM Compression Test Three-Part Failure Identification Code [179]), see 
Fig. A. 3(c) and (d). Specimen 'ctrOl' was accidentally broken before the test. 
A. 4.2 Tensile 
For the tensile tests, the specimens were carefully aligned to avoid bending. Failure 
was explosive for all specimens (XUU designation in the ASTM Tensile Test Three- 
Part Failure Identification Code [180]). 
All specimens were strain gauged with a 3mm length 0° /90° rosette to measure 
the strain in the longitudinal and transverse directions. 
The load-strain data for specimen `te105' was accidentally lost immediately after 
the test. Only the maximum load was recorded and as a result only the strength is 
reported for that specimen. 
A. 4.3 Shear 
The shear specimens were also carefully aligned with the loading direction. No 
necking was observed before final failure took place, Fig. A. 4. Failure always took 
place in the gauge section (MGM designation in the ASTM Tensile Test Three-Part 
Failure Identification Code [180), Fig. A. 5. 
The loading of specimen `s01' was stopped immediately after the strain gauges 
failed (-y -- 4%), and the specimen was closely inspected after being taken out from 
the Zwick machine. No damage was visible. After that, the specimen was loaded 
again up to failure. Due to the residual strain from the first loading, no extrapolation 
of the strains was possible for this specimen. 
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A. 5 Results 
A. 5.1 Longitudinal compression 
The compressive strength of each longitudinal <oiiit)ressioi1 s})e(iuIen iý rvIml-I ed in 
Fig. A. 6. In the figure, specimens `ctr01', '(ti-l1', 'ctr12' quid '("1122' , irc enipim, "'ir, ed 
because they were obtained from the edges of the plate. "S1)e(iiu(+us '(11-00' t) 
are emphasized because they were the ones which were strain gmig('d. 'I'll(, percent, 
bending is presented in Fig. A. 7 and the stress vs. strain relayt. iun iu Fig. A. S. The 
average strength is 135,1. GN1Pa, with a c(, e! Iicieiut of variations of I. 3"/,,. 'I't 
Young's modulus is 116.1GPa, with a eoo(licieiit of variation of 2. -1`%ý. 
A. 5.2 Transverse compression 
The compressive strength of each transverse <"Unl))res'si0>n sp - inien is repurtt-d in 
Fig. A. 9, the percent bending is presented in Fig. A. 11) and the , trcss vs. striiin 
relation in Fig. A. 11. The average strength is 19,, S. 011'a, with ;a coH 111cieut of 
variation of 2.0%. The average Young's modulus is 9.21C1'n, it, ll ,i c(wilicieiit of 
variation of 1.2%. 
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A. 5.3 Tensile 
The tensile strength of each specimen is reimte il in Q. X1.12, A, hiiit; ii, ivIi 
nal stress vs. strain relation is presented in I1g. A. 13 ; i. ii(I the txmim, crsc .ti uii 
vs. longitudinal-strain relation are shown in Fig. A. 1,1. 'I'lic average st rojipth i- 
2005.4ATPa, with a coefficient, of variation of 1.6Y(. 'I'll(, average liiugitudiim, l 
modulus is 131.7GPa, with a coefficient of variation iii U. %. 'I'lie 1wi. im. 
Poisson's ratio is 0.32, with a coefficient, of variation of 
A. 5.4 Shear 
The shear strength of each specimen is reported in Fig. A. 15 and Hie slw, iF s1a ýýý 
vs. strain relation up to strain gauges failure is presented in Fig. A. 10'. 'I'hr strain 
rate can be observed in Fig. A. 17 up to strain gauge failure. 'I'lse cml, l ant sI rain 
rate in Fig. A. 17 allows the extrapolation of the strain values In von I tý, ýý. ut; es failure, 
allowing to draw the full stress vs. strain curves presented in F1g. A. 18. 
The average strength at 5`Vc, strain is 71.91\iPa, with ai Oeflicient of vvairi, at1( 11 (d 
0.9%. The maximum stress during the test took place prior toi fiailtin . 
'I'lse , average 
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0.4 
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Figure A. 14: Transverse vs. longitudinal strain for the tensile specimens 
Table A. 5: Summary of the in-plane mechanical properties 
Longitudinal Transverse Shear 
Tensile Compression Compression 5% Max. 
Strength (MPa) 2005.4 1354.6 198.6 71.9 148.0 
(coef. of var. ) 1.6% 4.3% 2.0% 0.9% 2.8% 
Modulus (GPa) 131.7 116.1 9.24 4.6 
(coef. of var. ) 0.8% 2.4% 1.2% 2.8% 
maximum stress is 148. OMPa, with a coefficient of variation of 2.4%. The average 
shear modulus is 4.6GPa, with a coefficient of variation of 2.8%. 
A. 5.5 Summary 
The main quantitative data resulting from these tests is presented in Table A. 5. For 
the in-plane major Poisson's ratio, not shown in the table, the average is 0.32, and 
the coefficient of variation is 2.6%. 
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Longitudinal stra1 in (%) 
1.5 
21l'l'L'. \'U1. \" . -1. : 
11VJ) 
CHARACTERISATION 
Shear strength 
(AfPa) 
160 T 
120 
80 72 
40 
0 
Sol 
150 150 110 
1 13 
2 73 72 71 
s02 s03 I11 I`. 
Spcciuwc'u 
Lltil. l-Ia, ti 
(]Maximum stirs 
Figure A. 15: Shear strength its the stress at 5`%, shear A rain and , gis the 
maximum stress (luring time test 
Shear stress 
80 (MPa) 
60 
40 
20 
I i'. ", 
Figure A. 16: Shear stress vs. strain relation, l)efurv f: ju lre of tue str in 
gauges 
O -------- + ---- -- --- -ifII! 
0 0.5 1 1.5 2 2.5 3 3.5 
Shear strain (0Jo) 
APPENDIX A. EXPERIMENTAL STIFFNESS AND STRENGTH 
CHARACTERISATION 176 
4 
3 
2 
1 
04- 
1 
160 
120 
80 
40 
0 
0 
Shear strain 
i%) 
time 
Figure A. 17: Shear strain rate before failure of the strain gauges 
Shear stress 
(MP \ 
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Table A. 6: Difference between the obtained data and the one provided by 
the manufacturer (%) 
Longitudinal Transverse Shear 
Tensile Compression Compression 
Strength -5.7 -7.0 -13.3 
Modulus -8.5 1.8 -6.1 -2.2 
A. 6 Discussion 
A. 6.1 Compression 
All compression specimens failed in an acceptable failure mode. The average value 
and the scatter in the results are acceptable. No effect on the strength of the position 
of the specimen in the plate is observed. Nonlinear behaviour is observable for both 
longitudinal and transverse loading. For the transverse specimens, some oscillations 
are visible in the strain vs. stress curves, that are not completely understood, but 
are probably related to the low stresses involved in the tests and the rig itself. 
Improvements in the compressions tests could include trying different transition 
geometries for the tabbed/ non-tabbed regions, in order to avoid failure in that 
interface. 
When comparing the obtained data (Table A. 5) to the one provided by the man- 
ufacturer (Table A. 1), it can be realized that the obtained values for strength and 
modulus are almost consistently below the ones provided by the manufacturer. The 
difference for each situation are compiled in Table A. 6. The difference is probably 
related to the manufacturing, and eventually also the testing. 
A. 6.2 Tensile 
All tensile specimens failed in an acceptable failure mode. The average value and 
the scatter in the results are also acceptable. Again, no effect of the position of the 
specimen in the plate on the strength is observable. The stress vs. strain relation is 
reasonably linear up to failure. 
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A. 6.3 Shear 
All shear specimens failed in an acceptable failure mode. The average value and 
the scatter in the results are also acceptable. The stress vs. strain curves up to 
final failure were extrapolated. The linearity of the stress vs. strain curves and the 
absence of necking before failure yields confidence to the extrapolation. 
While these tests provide the (initial) in-plane shear modulus with accuracy, the 
interpretation of the full nonlinear curve and the strength requires more caution. On 
one hand, the 5% strength is useful for design purposes only, as it does not represent 
material failure. On the other hand, the nonlinearity observed in the experiments 
results from damage propagation in the composite; after a critical accumulation 
of damage, failure of the specimen occurs. However, the propagation of shear- 
driven damage in a ply depends on the thickness of the ply and the presence (and 
stiffness) of neighboring plies (in-situ effect), as well as on the presence of stress 
components other than in-plane shear Tab. In the case of the ±45° test [153], each 
individual ply is neighbored by plies at an angle of 90° (relatively to it) and an 
in-plane transverse tensile stress Orb is present together with the shear stress. As 
a result, the nonlinear shear strain vs. shear stress curves obtained should not be 
regarded as universal. Other shear test methods such as the Iosipescu [181], the 
two-rail shear test [182] or the more recent V-notched rail shear method [183] (all 
of them ASTM standards) should be carried to compare the nonlinear curve for 
different situations. For the future, micro-mechanical models are good candidates 
to predict the nonlinear behaviour and strength under simultaneously generic in-situ 
and applied stress conditions, as well as loading-unloading-reloading situations. In 
the absence of further data and such a model, the results obtained for the ±45° test 
[153] are considered to represent the shear behaviour of the material system studied 
(carbon epoxy T300/913). 
Appendix B 
Experimental interlaminar 
toughness characterisation 
B. 1 Introduction 
Delamination occurs when cracks grow between the layers of a (laminated) composite 
material. Those cracks can grow in opening or shear modes, and severely weaken the 
material. As a result, the characterization of laminated composite materials, on what 
concerns their interlaminar fracture toughness, is of great importance. Moreover, 
analytical and numerical tools used to model composite materials need interlaminar 
fracture toughness values as input properties. 
The material tested is a carbon epoxy (T300/913), supplied by Hexcel. The fibre 
diameter is about 7µm and the individual layer thickness is about 0.125mm. 
Several mechanical tests have been proposed to characterize the interlaminar 
fracture toughness in mode I, II and mixed mode I and II. 
For mode I, the test most commonly used is the Double-Cantilever Beam (DCB), 
although others exist, such as the Wedge-Insert-Fracture (WIF), Double-Edge-Notched 
(DEN), Vickers Indentation Crack (VIC), Single-Edge Notched (SEN) and Surface 
Cracked (SC), all shown in Fig. B. 1. 
Mode II delamination is typically characterized using End-Loaded Split (ELS), 
End-Notched Flexure (ENF) or Four-Point Bend (4ENF) specimens, as shown in 
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Fig. B. 2. From these, the 4ENF has the advantage cif npplviiip, ;Ii oustaiit ni(mueiil,, 
but is relatively new and is still being invetitigntc(l. 
Experimental tests involving iuixecl-ruo(Ie I and II include Hic ()' u kcd-I, np SIwar 
(CLS), Double-End-Notched Flexure (DENF), Mixed-NImle kending (MM 1i), NII I- 
Mode Flexure (NINIF) or Single Cantilever Beam (S('U) tests, sce Fig. I1.3. 
For anode I testing, the 1)C'13 is used in this work, I'm- il, is the niust widely 
used; the corresponding ASTM standard (30] is followed. The 1I NF ft t h: is heels 
recently proposed, and has the advantage of gcu('ral ing ,a co stau t nio meut. t 'o 
I'll 
specimen in the region of the crack tip. For t hi,, iv iison, it iS w, 'e 1 in this wm k. 'Hic 
data reduction follows Refs. (31,32]. For I ; md 11 mixed-mode IOa(liug, tin NIN111 
test has the advantage of allowing very easily to tust differelit niod(' ratios, as f his 
does not require any change in the specimen geometry, Init rat lwr ill t In rig; tin' 
corresponding ASTM standard (33] is followed fon- the da, t, a ri duct. i(n. 
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Figure B. 2: Mode II test specimens, from Ref. [184] 
SCB Px 
DENF 
PH 
MMF 
p CLS 
l1a 
Figure B. 3: Mixed mode I and II test specimens, from Ref. [1841 
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B. 2 Data reduction 
B. 2.1 Mode I 
Following the ASTM standard for the 1)C'ß Lest 13U1, the nio(lo I interkiiniu; u. r li; u 
ture toughness is calculated according to i h(' modified heit, uii 
3P6 
(Iý. II 
where Gl, is the fracture toughness, P is the load, b is die opcnint; (lisp1m (iuwnl, 
b is the specimen width, a is the crack length and A is ,i correction term apl)h(-d 
to the crack length. It is determined froni the experinienkil di; It, l , fiter gýýnýýnil ins; :I 
least square plot of the cubic root of conipliance, Cy", as a hui" tiun (1 SNOW 011 
length, a. The correction term A is the value that sin= 1)e Mhid to tin mw k 
length to snake the plot, go through the origin. The <"onnpli, incv, (', i- (Irlilled as 
67P. This approach allows the bending modulus, 1"'f, to he determined ius 
Ef = 
61 (a 
Sblcý; 
r 
where h is the (total) specimen thickness, as shown in Fig- 13A(a). 
Following the standard 1301, large displaceºººvnt and eºº(I I)IOck cm rect )l S ýýrrýý 
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applied to the previous expressions, but the effects of those corrections are very 
small. 
B. 2.2 Mode II 
The specimen design, experimental procedure and data reduction scheme proposed 
by Martin and Davidson [31,32] for the 4ENF test is used here. The half length 
L in Fig. B. 4(b) was chosen as 120mm, while the distance between the two load 
points, d, is 80mm . 
The results of the 4ENF test are calculated by considering the linear relationship 
between compliance, C, and delamination length, a, 
C=ma+Co (B. 3) 
and generating a least squares fit of the experimental data to determine m and Co. 
The fracture toughness, G11 , is then computed as 
Gllc = 
mP2 
2b (B. 4) 
The bending modulus can also be extracted from the test, using the relation [184] 
_9 
(L - d/2) (B. 5) Ef 
8bh3m 
where h is half the thickness of the specimen (Fig. B. 4), b is the width and Ef is 
the bending modulus. 
B. 2.3 Mixed mode 
Following the ASTM standard for the MMB test [33], the measurement of the 
compliance of the loading system, C8y, is required. This is. done by using a stiff 
rectangular-section calibration specimen instead of the MMB specimen. The com- 
pliance of the calibration specimen is 
C. 1 
2L c+ L) (B. 6) = E, atb, attest 
APPENDIX B. EXPERIMENTAL INTERLAMINAR TOUGHNESS 
CHARACTERISATION 184 
where E 1, bpi and tom! are the modulus, width and thickness of the calibration spec- 
irren. Being m ,, I the slope of the load vs. displacement curve, which is 
determined 
experimentally, the compliance of the system is expressed as 
Cava =1- Ccai. 
mcat 
(B. 7) 
This compliance is dependent on the lever length, c, and should therefore be deter- 
mined for each value of c. The bending modulus, E f, is obtained from 
_8 
(a0 + Xh)3 (3c - L)2 + [6 (a0 + 0.43Xh)3 + 4L3] (c + L)Z ( B. 8) Ef 
16L2bh3 (1/n + C8ya) 
where a,, is the initial crack length, m is the slope of the load vs. displacement curve, 
h is the half thickness, L is the half length (Fig. B. 4(c)) and 
E 
3-2 
I' )2] (B. 9) X 11 Ga., 1 -}- I' 
with 
r=1.18 
G Eb 
(s. io) 
In the previous equations, Ea, Eb and G,,,, are the Young's modulus in the longitudi- 
nal and transverse directions and the shear modulus in the (a, c) plane, respectively. 
The mode I component of the fracture toughness is 
Gf = 
4P2 (3c - L)2 (a + Xh)2 (B. 11) 64bL2ElI 
while the mode II component is 
= 
3P2 (c + L)Z z G1,64bL2E 
fI 
(a + 0.42Xh) (B. 12) 
being I the moment of inertia of one arm of the specimen: 
bit3 (B. 13) 
B. 3 Manufacturing 
A plate, schematically represented in Fig. B. 5, was manufactured by hand lay-up. 
The plate is 430 x 300mm 2 and consists of 24 unidirectional layers oriented at 0°, 
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Figure B. 5: Plate for DCB, 4ENF and MMB test specimens (dimensions in 
mm) 
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being the nominal thickness 3mm. The layup was done in two halves of 12 layers. A 
non-stick fluoroethylene polymer film, with a thickness of 12.5µm was then carefully 
positioned on one half, before placing the other half on top to complete the assembly. 
The curing cycle consisted of maintaining the temperature at 120° for 1 hour. 
Individual specimens, with nominal dimensions shown in Table B. 1 were then cut 
using a wet saw. Five DCB specimens were manufactured, labelled as DCB01 to 
DCB05. They were numbered in order from the left edge of the plate (Fig. B. 5), 
thus DCB01 being the one closer to the edge. The same procedure was repeated 
for obtaining five 4ENF specimens, labelled as 4ENFO1 to 4ENF05, and six MMB 
specimens, labelled as MMB01 to MMB06 (the numbers always increasing from left 
to right in Fig. B. 5). 
In order to enhance the visibility of the crack tip during the tests, one side of 
each specimen was coated with a white paint. A vernier height gauge was then 
used to mark a length scale on the painted side of the specimens. This scale was 
used for measuring the crack length during the test. Finally, for the DCB and 
MMB specimens, aluminum end tabs were glued using an epoxy glue (araldite). 
The individual width and thickness of each specimen was measured experimentally 
by averaging three individual measurements. 
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Table B. 1: Nominal dimensions 
Specimen Width (mm) Initial crack (mm) Length (mm) 
DCB 20 53 150 
4ENF 20 35 140 
MMB 20 29 140 
Table B. 2: Cross head displacement rate for each test type 
Specimen type displ. rate (mm/min ) 
DCB 0.5 
4ENF 0.2 
MMB 0.5 
B. 4 Experimental procedure 
The tests were carried in a Instron testing machine, in the Department of Aero- 
nautics, Imperial College London. The Instron machine outputs the load and dis- 
placement as a voltage, to a data acquisition system connected to a computer. A 
calibration of the factors needed to convert the voltage back into load and displace- 
ment in the computer was carried for each set of tests (DCB, 4ENF and MMB). 
For each specimen, the appropriate test rig was used. The Instron machine was 
`zeroed' before each test and the cross head displacement rate specified in Table 
B. 2, was applied. The crack tip was monitored using a CCD camera, that displayed 
an enlarged image in a TV screen. An event marker was used to send a signal to 
the computer as the crack tip passed through each mark on the specimen. Fig. B. 6 
shows the experimental setup during a DCB test. 
B. 5 Results 
B. 5.1 DCB 
Specimens DCB01 and DCB02 were not pre-cracked, and there was as a result 
a crack jump of about 10mm at the onset of delamination. For this reason, the 
APPENDIX B. EXPERIMENTAL INTERLAMINAll' TOUGHNESS 
CHA RA CTERISA TION iI 
wit 
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remaining DCB specimens were pre-cnicke(l in iun)(Ic I. 'I'Iu' l() uI vs. (I1, pl, ic e, I, (, ii1 
curves for specimens DCBOI and DC130.1 are shown in 1'i. t,,. I1. i. Vip,. I3.8 
the least squares fit, used to obtain A for spec lein ii I)('1305, ond Fig. 13.9 sln ws 1.1ie 
different values of A for each DCB specimen. The c". liiul that re"iilts from plhdttingg, 
all the R-curves (i. e. the curves that, show Hic variation of (.,. with crack Iernl"( li) i- 
shown in Fig. B. 10, as well as the average value and Iu flit field of variaatiOu. 
B. 5.2 4ENF 
All the "IENF speciinems, wem pre-snicked in mode II. 'Flu Iu, uI v. displa enwilt. 
curve for specimen 4ENF04 is presented in Fig. B. 1 1. '1'l least squares fit lls((I h) 
determine the slope of the load vs. displacement. curve i, shown in I''ig. Ii. 12,1'()i 
specimen 4ENFO1. The ß-curves are shriwii iii Fig. I1.11), as well , is the av rage 
value and coefficient, of variation. 
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Figure B. 10: R-curves for the DCB specimens 
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Figure B. 13: R-curves for the 4ENF specimens 
Table B. 3: Lever arm lengths for the MMB specimens 
Specimen Lever arm length (mm) Gil/Gtot (planned) 
MMB01 & MMB02 128 0.2 
MMB01 & MMB02 51 0.5 
MMB01 & MMB02 33 0.8 
B. 5.3 MMB 
All the MMB specimens were pre-cracked in mode II. The lever arm lengths used 
with each specimen, and the mode ratios intended, are shown in Table B. 3. 
The load vs. displacement curve for specimen MMB03 is presented in Fig. B. 14. 
The R-curves are shown in Fig. B. 15, as well as the average value for the fracture 
toughness and coefficient of variation. 
B. 6 Discussion 
The R-curves for the DCB specimens show a negative slope. This feature is not typ- 
ical for carbon/epoxy systems. However, previous results [185] for the same material 
system seem to show the same negative trend, although the crack propagation is 
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Figure B. 14: Load vs. displacement curve for specimen MMB03 
Ci (N) 
" MMBO1   MMB02 MMB03 / MMB04 x MMB05 " MMBOG 
C! Jl Ctd - 0.8 
0.8 "" Aver. - 0.755 kJ/m° 
. _........... _........... ....... .....,..... 
x Coef. var. -11.9%u 
"" 
0.6 Cu/Ced - 0.52 
Aver. - 0.491 kJ/m' 
x Coef. var. - 6.8% 
0.4 
" C! //Ctd - 0.20 
 "  Aver. - 0.302 kJ/m 
0.2 Coef. var. - 8.4% 
0FiIIFi 
30 35 40 45 50 55 60 
Crack length (mm) 
Figure B. 15: R-curves for the MMB specimens 
1234b6 
Load point displacement (mm) 
APPENDIX B. EXPERIMENTAL INTENLAA91NA1i To (1CIlN1; 'S, ti' 
CHARACTERISATION 103 
H_ 
0.05 mm "'=*. 
e.. 
(b) 
Figure B. 16: Micrographs of the fr, i. c1., urc -iirf'a. ce ()I' tiIwci wii I)('1302; (; i) 
original amplifications 2OOx, and (h) origiua. l ;i nildific, i. tion 
10O X 
not, iii that case, big enough to ease the ºoºulr, irisoºº. Also for Cllr' I)('1(;; p4imi>,, 
the average value for the fracture toughness is sliglºt, ly higher t li, m t1w one uuht.; liw l 
by Bloodworth [185], which is possibly ºluc' 1,0 uºiºiiiil i iiiriººg and Ivsl. int;. 
The slight decrease in fracture toughness will) (r, wlc goowt. lº is , ig iin vii hi I(ii 
the 4ENF specimens. This characteristic, observed I, r, t. li hi IIn I)('It , iwl 1I NI, ' 
specimens, is probably related to the absence of fil)re III(' 
tests. Some specimens were observed with an optical Inierosc(gw, wit'lh , Iiuf)Iifiral IoWS' 
of 100x and 200x, but no effects of a possible fibre hridt; int, were obseFVe(I, n)(1 ; aiiv 
difference in the fracture surface between IIn initial aiid final singes oof crack t; im Ili. 
Fig. B. 16 shows two micrographs cif the friwture slirf, we of spe niiii ii I t('i O2, wino, 
no fibre bridging is visible. The average imnIe 11 I oiiglmness is A. "'() sIit', hlIv imip'ller 
than the one reported by Bloodworth 11851. In mnode 11, it, is like k, t h, tt, t 1w frig t i0n 
between the fractured surfaces has had sonic coImtrihIitioll (lime high tuntýlinýýý, s 
observed, although this is a feature coninioii to both the present and 
tests. 
For the MMB tests, it can be seen that, the scatter is higher t Bari h )I- I in I >('I I 
and 4ENF specimens. This is due both to the simmaller niunher of tests ; uni t 1w wore 
complex rig involved in the NUMB tests. The slightly negative trend iii Ihe n li nrýes 
can still be observed. 
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Figure B. 17: Total fracture toughness, as a function of mode ratio 
A compilation of all the results is presented in Fig. B. 17. It can be seen that 
the mixed-mode data lies between the two curves corresponding to the power law 
a 
(GIcGI) + 
(-)a 
l1 
(B. 14) 
l 
with a=1 and a=2. A least squares fit of the parameter a to fit the experimental 
data yields a=1.21. 
GENF 
texts) 
Appendix C 
Critical energy release rates for 
nonlinear shear behaviour 
C. 1 Introduction 
This appendix generalizes the expression given by Laws [186] for the energy release 
rate for an elliptical crack in a composite with a nonlinear shear behaviour. The 
procedure presented here uses Eshelby's [187] application of the eigenstrain problem 
to solve the stress field around an oval crack, in a framework similar to Laws [186]. 
Since the referred procedure is considerably complex, and yet not devoid of approx- 
imations, an alternative generalization that leads to the same result is presented at 
the end of this appendix. This alternative generalization is much simpler, though 
cruder; it is pragmatic in the sense that no complex mathematical manipulations 
are required, and the result follows from the concept of critical energy release rate 
and intuitive approximations. 
C. 2 The Eigenstrain problem 
Consider an infinite solid that undergoes some physical process that will generate 
some inelastic strain. The physical process could for instance be plastic deformation 
or phase transformation. Probably due to the latter, this inelastic strain is commonly 
called transformation strain. The problem consists in determining the stress and 
195 
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strain fields due to the transformation strains. 
The total strain tensor e in the transformed region is the sum of an elastic strain 
tensor EeL with the transformation strain tensor et: 
E =Eel + et. (CA) 
The stresses result from the elastic component of the strain, 
C: C', =Ci: 
(E--Et). (C. 2) 
Neglecting body forces acting on the body, the equilibrium equation is 
0"v=C: (ý"ý-0"et)=0 (C. 3) 
and can be written as 
C: V. E_bt=0 (C. 4) 
where bt is a fictitious body force distribution defined as 
bt=C: (V"St). (C. 5) 
If the transformation strains are known, then Eq. C. 4 can be solved for c using 
Fourier transforms or Papkovich-Neuber potentials [188,189]. 
Consider the particular case of an elliptic region in an infinite body, undergoing 
change of form that, without the constraint imposed by the surrounding material 
would result in an arbitrary homogeneous strain -t. The elliptic region, defined by 
(- 1+ 
(b)2 
+ 
\- 
"<1, (C. 6) 
has volume V and is bounded by the surface S. In Eq. C. 6, x, y and z are geometrical 
coordinates and a, b and c are the dimensions of the elliptic region, as shown in Fig. 
C. 1. The fictitious body forces are zero everywhere except on the surface S where 
they are 
bt=C: Etb(()2 + 
()2 + (±)2 - i) n (C. 7) 
n being the normal to the ellipsoid and ö () the Dirac delta function. 
APPENDIX C. CRITICAL ENERGY RELEASE 1, 'A'I'Is'S POR NONLINE'AI; 
SHEAR BEHAVIOUR I !) 
ý' z 
y 
Figure C. 1: 1! 1ipLic region 
Within the ellipsoid, the total strain field r 'ý I rý ir. 111111rni mid (.. iii hl, 
expressed as [186] 
t-P: C': to I 
where the fourth order tensor P results frmn solving I? (I. ('. I wit. lº h' I] ()III 1-; (1. ('. 7, 
and depends on the elastic properties of the rnºateri, d mº l(I ty'ui ºet. rv (d tIw 
only. The derivation of the tensor P can be found ill 'Hw 
field is then obtained as 
a=C: ECI=C: (t-et)=-- (C - C: 11. (1): -I (ý:; I ((. ýýý 
With 
Q -C C: P: C. (c. lu) 
C. 2.1 Eshelby's inclusion problem 
Eshe1l)y [187] showed timt the eigens%iu 1>rollin an he used I tlir dh h, 1111ill. 1 
tion of the stress and strain fields due to an el liººc lººsioýºº. ('uii ider aºn ('IIipt na! 
inclusion with constitutive tensor C* in a lººmuogellemis iufiuih. sý>liiI v601 ý r, ºitil, il 11 
tive tensor C. Suppose next that the solid is loaded Iw ,º iºniforºu stoss w. stimll it 
infinity, a and E°°, respectively. The stress and strain in thi+ sº(Ii(I i aiº 1)i uxluwnvd 
as 
Q= (T°° +Q and E= e° -{ r' ((' II) 
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where o and e°° are the uniform stress and strain tensors induced in the solid if 
the inclusion was not present, while Q and E represent a perturbation due to the 
presence of the inclusion. 
The perturbation due to the inclusion can be computed using the eigenstrain 
analogy. In fact, Eshelby [187] suggested that the stress state can be corrected 
by using a transformation strain inside the inclusion. For the inclusion and the 
transformed region to be equivalent, the stress in both cases must be the same. For 
the case of the hypothetical transformed region, the stress is 
Q=C: E"=C: (e-st) (C. 12) 
while in the case of the inclusion, the stress tensor is obtained as 
Q=C*: C. (C. 13) 
For the transformed region to be equivalent to the inclusion, then Eqs. C. 12 and 
C. 13 can be equated, resulting in 
C: (E-6t)=C*: e. (C. 14) 
Decomposing the strain in its two components e°° and E, and considering Eq. C. 8, 
then Eq. C. 14 is obtained as 
C: (E'+P: C: et - Et) = C*: (e°O+P: C: 
which can be rearranged as 
C*) :P: C] : Et. (C. 15) 
For a void, C` =0 and Eq. C. 15 reduces to 
Et = Q-1 : a°°. (C. 16) 
The determination of e in Eq. C. 16 is an important result, since the strain and 
stress at the cavity wall follow as 
e=e°°+E=E°°+P: C: Et=EO°+P: C: Q-1Q°° (C. 17) 
Q=C: E. (C. 18) 
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The interaction energy, defined as the energy released by the introduction of a 
crack when the solid is being loaded at infinity by the stress a°°, was calculated 
for a linear-elastic material by Eshelby [187]. For a general constitutive model, the 
interaction energy is expressed as 
It rEý 
Esnt =J 
[f 
coo: dat dV =VJ Q°O : At (C. 19) 
Vo0 
where V is the volume of the cavity. 
The solution for a crack was obtained from the solution for an ellipsoidal cavity 
by Laws [186]. Laws considered first an infinite elliptic cylinder by letting c -º oo, 
then expressed the interaction energy per unit length of the cylinder in a form similar 
to 
Eint = 7ra2E a°° : da=, with e=b (C. 20) 
a Jo 
and proceeded to a crack by making e --º 0. Since the tensor Q becomes singular 
when e -º 0, but not the product eQ-1, some care has to be taken. Eq. C. 20 can 
be transformed in 
1°O 
Etne = ira2 
10 
: EQ-1 : dcy°. (C. 21) 
Making c --º 0 and defining A= EQ-1, the interaction energy can be expressed as 
°O 
Eint = 7ra2fo 
% 
cr°° :A : du°° (C. 22) 
where the nonzero components of the tensor A were calculated by Laws [186]. As- 
suming a nonlinear shear behaviour and making a= a0, Eq. C. 22 can then be 
written as 
rl 
Eint = 7rao 
(Acr 
+ Ay, Tý +2 
Ta e 
J TabAubdTab) 0 
l hab 
= 27Caä 
(Acrb 
+ AbCTb 'i- 2J Tabd'Yab) 
0 
1= 
27ra2 
[Abab + AbcTbc +X ('Yab)] 
" 
(C. 23) 
0 
where X (tab) is defined as 
'Yab 
X (Yab) _21 Tabd7Q6 (C. 24) 
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and, from Laws [186], 
2 
A'=Aas=2 
1- vii (C. 25) 
E6 E. 
It is important to take into account some simplifications of the previously pre- 
sented formulation: 
(i) Laws [186] derivation of the crack tensor A is only approximate. 
(ii) The superposition principle has been used, and it is not strictly valid for a non- 
linear shear behaviour. It is not clear if an expression for the interaction energy 
such as Eq. C. 23 could also be derived without using superposition. 
C. 3 In-plane shear contribution to the critical en- 
ergy release rates 
The in-plane shear contribution to the critical energy release rate can be computed 
from Eq. C. 23, with ab - T-k = 0. Supposing that the dimension of the crack in the 
longitudinal direction is 2aö , then the area of the crack is 
A= 4aä ao. Proceeding 
like Dvorak and Laws [47), the change in cracked area for crack propagation in the 
transverse direction is OA = 4aLäao, and the critical energy release rate for the case 
of crack propagation in the transverse direction is obtained as 
T 
Ö2aLEint 1 Mint 7tao u G` 
äA 2 äa0 =2X 
(7aa) (C. 26) 
where ryQb is the engineering shear strain at failure. For crack propagation in the 
longitudinal direction, the change in cracked area is OA = 4aoäaL and the critical 
energy release rate is defined as 
GC 
a2aLEint 
_ 
Eint 
= 
7raoX ("Y b) 
" 
(C. 27) 
OA 2ao 4 
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C. 4 Pragmatic solution for the critical energy re- 
lease rates for nonlinear shear behaviour 
C. 4.1 Introduction 
Consider a generic solid made of a linear elastic material with an initial crack-Fig. 
C. 2(a). Let the crack grow by an area OA. The energy absorbed by the solid to 
create the surface of area OA is äW,. Neglecting thermal effects, energy balance 
requires OW, to be equal to the energy transferred to the body through external 
work, OF, minus the change in strain energy äU of the body, i. e., 
OW8 = OF - W. (C. 28) 
By definition of energy release rate C, it follows that 
aw, OF-aUaII 
(C. 29) 
49A 
_ aA aA 
where II is the potential energy defined as lI =U-F. 
Considering the diagram in Fig. C. 2(b), it can be concluded that 
and 
Thus, 
au =2 (P + OP) (o + DA) -2 Po (C. 30) 
OF = Pao + 1OPao = 
(+)a o (C. 31) 
a (F - U) =1 (Pao - oaP) (C. 32) 
and the critical energy release rate is expressed as 
02 
(D0A 
äA äA) 2b 
(paA 
8a aa) 
(C. 33) 
where b is the thickness of the solid and a is the crack length. Defining the compliance 
C of the cracked body as 
it follows that 
C=P (C. 34) 
80 = PÖC + COP (C. 35) 
ý:, ý, -ý. ý. ý-9-ý,. - -ýý.... ý. ý, ý.. ýýý. " --. ýr 
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and, designating the load at onset of crack propagation as P., the critical energy 
release rate is 
2 
Gc = 
P` C 
(C. 36) 
2b öa 
C. 4.2 Nonlinear in-plane shear behaviour 
Considering the energy release rate given by Eq. C. 29, but carrying the differenti- 
ation at constant displacement of the load application-points, hence with no work 
done by the external forces, it follows, at onset of crack propagation, 
- 
(DU 
OA) - G°' 
Following the approach first proposed by Rivlin and Thomas [190], the assumption 
is made that the presence of a crack in a body will reduce the strain-energy density 
to zero over a well-defined volume V, and will not affect it outside that area. Let 
the uniform strain energy density of the uncracked body be 
and for the particular case of pure in-plane shear loading 
The loss in strain energy due to the presence of the crack is 
- (U - U0) = W0V = 21 X 
(ryab) V (C. 40) 
IV. =J 
Eta 
a deli (C. 38) 
0 
iah 
Wo =f Tabd7 b. (C. 39) 
0 
(C. 37) 
where 
fo 
7a6 
X 7Qb -2 Ta6d7'ab 
(C. 41) 
an d Uo is the strain energy of the body for the situation without a crack. The critical 
energy release rate is 
1 GII 
c=1X 
(iYa6) ÖV 
aA " 
(C. 42) 
Consider first the situation where the elliptical crack grows in the transverse direc- 
tion. The area of the crack is proportional to aoaö and thus 
äA oc aö äa0. (C. 43) 
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The volume where the strain energy density is reduced to zero due to the crack can 
be assumed to be proportional to aöaL and thus 
aV oc aoaö Sao. (C. 44) 
It follows from Eqs. C. 43 and C. 44 that 
ov 
äA oc a0. 
(C. 45) 
In order to recast Dvorak and Laws solution for linear elastic materials [47], the 
constant of proportionality in Eq. C. 45 has to be ir. Thus, the expression for G, T, 
results: 
Grit = 27ra -X (taub) . 
(C. 46) 
Proceeding in the same way for propagation in the longitudinal direction, the fol- 
lowing expression results: 
L ß'11c 
- 4-X (y 6) " (C. 47) 
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P 
2a 
f-f 
0 
P 
-DA (a) +P (b) 
Figure C. 2: (a) Generic cracked body being loaded; (b) load displacement 
curve corresponding to a crack length 2a (i) and 2 (a + Oa) (ii) 
Appendix D 
Characteristic lengths for brick 
elements 
Once the fracture area within an element is known, computing the characteristic 
length used in Eqs. 4.31,4.38 and 4.42 offers no difficulties (L = V/A). However, 
given the generic orientation of the fracture plane within an element, computing the 
fracture area is not trivial, even for rectangular brick elements and assuming that 
the fracture plane passes at the integration point in the centre of the element. 
The heuristic proposed here is only approximate. The element dimensions L1, 
L2 and L3 are obtained from the nodal coordinates within the material subroutine. 
Fig. D. 1(a) shows the rotation from the element axes (1,2,3) to the material axes 
(a, b, c). The rotation from the material axes to a matrix fracture plane is shown 
in Fig. D. 1(b). From Figs. D. 1(a) and (b), the fracture area for matrix failure is 
A= LQLco and the characteristic length is 
L1L2L3 
Lmat = (D. 1) LaLcm 
with L. and Lim given in Figs. D. 1(a) and (b). 
For fibre kinking, the rotation to the kinking plane is shown in Fig. D. 1(c) and 
to the misaligned frame in Fig. D. 1(d). The characteristic length for fibre-kinking 
comes then as 
L1L2L3 
(D. 2) Lkink = Lam L, o 
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2a 
bQý 
1 1, )1 
{L' 
ý-- L, = min 
cos ß sin ß 
L, =L, L2 /L, 
L, =L, 
(a) 
c IL 
L6 b 
Lý, =mine 0, 
S no 
(b) (c) 
L, 
am 
8 Lý 
La 
Lý = min{coL . 
Lsý 
ls 0 sin B 
(cl) 
Figure D. 1: Determination of the characteristic length within an element: 
(a) rotation of an angle Q; (b) rotation of an angle 0; (c) rotation 
of an angle 0 and (d) rotation of an angle 0 
with L.. and L, s obtained from Figs. D. 1(a), (b) and (c). For fibre tensile failure, 
the fracture plane is normal to the fibres and thus 
L ft = La 
Le 
b" c 
cW 
b 
Lb, =min -- 
{cosyr, 
sinyr 
L., =LbL. /Lb,, 
(D. 3) 
with L. given in Fig. D. 1(a). 
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